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1 Introduction

The study of topological strings on Calabi-Yau manifolds has been the topic of intense
research for many years now. There are a number of conjectures relating the topolog-
ical string amplitudes with various generating functions of interest to both physicists
and mathematicians.

The Calabi-Yau threefold (CY3-fold) X gives rise to the corresponding compactified
theory via M-theory compactification. In this way gauge theories with certain gauge groups
and matter content can be geometrically engineered using CY3-folds [1, 2]. The topological
string partition function on such spaces is expected to be related to instanton sums in gauge
theories. This conjecture has been sharpened, thanks to the work of Nekrasov [3], which
provides the tool to directly compute the partition function of 5D supersymmetric gauge
theory on C? x S*.

On the other hand, using the topological vertex formalism [4, 5] the partition function
of topological string can be evaluated on such backgrounds. In particular, for U(N) gauge
theories with and without hypermultiplets, the equivalence of gauge theory and the corre-
sponding topological string partition function has been proven using the topological vertex
formalism [6-9]. However, as was noted in [8], the instanton calculus [3] which was used to
calculate the gauge theory partition function has more refined information. Recall that on
the gauge theory side the partition function is calculated using localization in equivariant
K-theory [10, 11] with respect to an r + 2 dimensional torus T? x K, where K is the r
dimensional maximal torus of the gauge group and T? acts on the C?,

T2: (2’1,2’2) — (€i€121,€i€22’2). (11)

The T? action on C? lifts to an action on the instanton moduli space such that the
fixed points are labeled by the colored partitions (Young diagrams) of certain instanton
charge [12].

The gauge theory partition function is a function of two equivariant parameters € o.
For 1 = —ey = g5, the gauge theory partition function reduces to the A-model topological
string partition function with genus parameter g5 [6, 7]. In this limit (e; 4+ eo = 0), the
topological vertex formalism can be used to calculate the partition function from the toric
geometry of the corresponding CY3-fold. However, the usual topological vertex formalism,
needs to be extended to deal with the case €1 + €5 # 0.

Recall that the topological string partition function is the generating function of the
Gromov-Witten invariants. Therefore a natural question to ask is whether the partition
function with €1 + €2 # 0 is the generating function of some invariants more refined than



the Gromov-Witten invariants. The Gopakumar-Vafa (GV) reformulation [13] of the topo-
logical string amplitudes suggests such a possibility which was explored in [8]. Given a
CY3-fold X, the M-theory compactification on X gives (in an appropriate limit) a 5D
supersymmetric gauge theory with eight supercharges. The BPS particles in the 5D theory
have a geometric origin as the M2-branes wrapped on holomorphic curves in X. The mass
of such a particle coming from the holomorphic curve C' € Hsy(X,Z) is given by fcw,
where w is the Kéhler form on X. The spin of these particles is classified by the little
group of massive particles which in 5D is SO(4) ~ SU(2)1 x SU(2)g. Compactifying on a
circle to get Type IIA on X, the wrapped M2-branes with some momentum in the compact
direction become the bound states of D2-branes with DO-branes. The number of particles
with charge C' € Hy(X,Z) and SU(2);, x SU(2)r spin (jr,JR): NgL’jR), is equal to the
number of the cohomology classes of the moduli space of D2-brane wrapped on C. For
generic CY 3-folds, Ng LIR) s not an invariant and can change as we change the complex
structure. But NéL = ZjR(—l)QjR(ZjR + 1)NgL’jR), which sums over all jp’s with alter-
nating signs, remains invariant. For the case of non-compact toric CY3-folds, there are
no complex structure deformations. Therefore, one would expect no jumps in the Ng L:JR)

degeneracies, and so one would hope to be able to compute these as well.

Because the D-brane has a U(1) gauge field living on its worldvolume, the moduli space
of supersymmetric configurations includes not only the curve moduli but also the moduli
of the flat connections on the curve coming from the gauge field. Since the moduli space
of flat connections on a smooth curve of genus ¢ is 79, the moduli space of the D-brane
is a 79 fibration over the moduli space of the curve. The total space is a Kéhler manifold
and the Lefschetz action by the Kéahler class is the diagonal SU(2)p C SU(2)r, x SU(2)r
action on the moduli space. The SU(2)y, x SU(2)g action on the moduli space is such that
SU(2)r, acts on the fiber direction and the SU(2)g acts in the base direction.

The topological string partition function is the generating function of the invari-
ants NI,

Z(w,gs) = exp 2929 2Fy(w (1.2)
920

+JL [

_ H H H H< Frrmt1 oC

CeHy(X,Z) jr kr=—jr m=0

)

>(—1)2jL“(m+1)NéL

where ¢ = €9 and Q¢ = e~ Jew. The parameters () give the charge under Hy(X,Z)
whereas the parameter ¢ couples with the SU(2)7, spin.

As mentioned before, for Calabi-Yau manifolds which do not admit any complex struc-
ture deformations, such as non-compact toric threefolds, the multiplicities N ULIR) them-
selves are invariants. Using these multiplicities we can define a refined topological string



partition function with a product structure similar to the one given above [§],

+jL +jR [e’s) ) ) M(ijjR)

Z(w,q,t):= H H H H H <1_tk5L+kR+‘?Tbl—§ qu—kR+m2—§QC> c ,
CeH(X,Z) JL.Jr kL=—jL kr=—jr M1,m2=1

(1.3)

MYBIR) . (_1)20etir) 1 N GLIR)

)

where the parameters /gt and \/% couple with SU(2);, and SU(2)r spin, respectively.

It was argued in [8] that for Calabi-Yau manifolds which give rise to N/ = 2 super-
symmetric gauge theories via geometric engineering, the refined topological string parti-
tion function is equal to the partition function of the compactified 5D gauge theory, i.e.,
the K-theoretic version of the Nekrasov’s instanton partition functions [10, 11, 14] with
q =€l t = e,

The topological vertex formalism [4] provides a powerful method to calculate the topo-
logical string partition function for non-compact toric CY3-folds. A similar formalism to
calculate the refined partition functions will be very interesting providing a refinement
of the Gromov-Witten and Donaldson-Thomas theories of toric CY3-folds. The purpose
of this paper is to develop such a formalism. We will define a refined topological vertex
Cxpuv(t,q) which now depends on one extra parameter compared to the ordinary topo-
logical vertex, where together with the usual gluing algorithm for toric CY3-folds, gives
the refined topological string partition. However, the refined vertex can be used to define
the refined invariants only when the toric Calabi-Yau threefold is made of vertices, all of
which contain a fixed locus (p,q) of vanishing cycle in T? (which is a subset of the 7%
fibration of toric geometries). This implies that we can compute the refined topological
string amplitudes only for toric threefolds which are somewhat special. However, one can
also obtain a generic toric case from the refined vertex by using analytic continuation and
doing flops on the vertices. This in particular means that the refined vertex is not cyclically
symmetric as the usual topological vertex. The toric CY 3-folds for which the refined vertex
works are exactly those which give rise to gauge theories via geometric engineering. This
implies that the refined vertex contains no more information than the K-theoretic version
of the instanton partition functions. However, the refined vertex provides a combinatorial
interpretation of the instanton partitions functions. Since the refined vertex is not cycli-
cally symmetric a certain choice of direction in the toric diagram of the CY3-fold has to
be made.

The fact that the topological vertex has a combinatorial interpretation in terms of
counting certain 3D partitions with fixed asymptotes is a well known fact [15]. As a
guiding principal in formulating the refined topological vertex we will demand a similar
combinatorial interpretation in terms of 3D partitions for the refined vertex.!

This paper is organized as follows. In section 2, we will review GV formulation of the
topological string amplitudes and their computation using the topological vertex formalism.
In section 3, we propose the refined topological vertex. In section 4, we discuss the con-

!For another attempt at defining a refined topological vertex see [16].



nection between the refined vertex and stacks of branes, and motivate the gluing rules for
the refined vertex. In section 5, we will calculate the refined partition functions for certain
geometries using the refined vertex. In particular, we show how one recovers Nekrasov’s
results using the refined vertex. We also compute the degeneracy of the BPS states in
these geometries and explain the SU(2)z x SU(2)r content of the states. In appendix A,
we will give the complete derivation of the refined vertex in terms of 3D partitions. In
appendix B, we will show that the refined partition function of O(—1) ® O(-1) — P! can
be obtained by appropriately weighting the contribution of the holomorphic maps to the
two fixed points of the geometry. We will also show that for C> by appropriately weighting
the contribution of the maps to the torus invariant fixed point gives a generalization of the
MacMahon function which also has a combinatorial interpretation.

2 GV formulation and topological vertex

In this section, we will briefly review the Gopakumar-Vafa reformulation of the topological
string amplitudes and their calculation using the topological vertex.

2.1 Topological string amplitudes and GV reformulation

The topological string amplitudes F, arise in the A-twisted topological theory as integrals
over the genus g moduli space of Riemann surfaces and are related to the generating
functions of the genus g Gromov-Witten invariants. The general form of these amplitudes

is given by
1
Fo(w):—/w/\w/\w—i— Z NYe e, (2.1)
3 Jx CEeHy(X,Z)
1
Flw =—-—— [ whc(X)+ Z Ng e Jew
24 Jx CEeHy(X,Z)

Fyza(w) = (—1)9@/m N+ Y NeJew

2
g CeHy(X,Z)

where w is the Kéhler form, NV, is the genus g Gromov-Witten invariant of C, M, is the
moduli space of genus g Riemann surfaces and A\g_; is the gt" Chern class of the Hodge
bundle over Mg (see appendix B). The topological string amplitudes can be compactly
organized into the generating function, the topological string partition function

Z(w,gs) = exp Zng 2F,(w) | - (2.2)

From the worldsheet perspective, the genus g amplitude, F}, is the generating function
of the “number” of maps from a genus g Riemann surface to CY3-fold X. However, the
target space viewpoint provides a more physical interpretation of the generating function
F(w,gs) [13]. We will briefly review this interpretation since it is crucial in understanding
the refined partition functions. Recall that in M-theory compactification on CY3-fold X



we get a bD field theory with eight supercharges. The particles in this theory come from
quantization of the moduli space of wrapped M2-branes on various 2-cycles of X. These
particles carry SU(2)r, x SU(2)g quantum numbers where SU(2)z, x SU(2)g = SO(4) is the
little group of massive particles in 5D. If we compactify one direction, then the particles can
be interpreted as wrapped D2-branes and the Kaluza-Klein modes as bound DO0-branes.
These charged particles when integrated out give rise to the F-terms in the effective action.
The contribution of a particle of mass m and in representation R of the SU(2), x SU(2)r
to F' is given by

* ds TI‘R(—1)0'L+UR6—87712€—2860'L]:
s (2sinh(seF/2))? '

S =logdet(A +m?* + 2e0F) = / (2.3)

where o is the Cartan of SU(2);, and arises because the graviphoton field strength is
self-dual. e is the charge of the particle, and is equal to its mass and we identify the
graviphoton field strength 7 = g¢,. The mass of the particle is given by the area of the
curve on which the D2-brane is wrapped. An extra subtlety arises due to DO-branes. In
the lift to M-theory, we see that a wrapped M2-brane comes with momentum in the circle
direction, and therefore, if we denote the mass of the M2-brane wrapping a curve class
C € H9(X,Z) by T then the mass of the M2-brane with momentum n is given by taking
Tc to Te + 2min/gs. Let us denote by NgL’jR) the number of BPS states coming from
an M2-brane wrapped on the holomorphic curve C, and the left-right spin content under
SU(2), x SU(2)g given by (jr,jr). Then the total contribution coming from all particles
is obtained by summing over the momentum, the holomorphic curves and the left-right
spin content,

ds Tr(jL ir) (_1)UL +ORe—STC—27rin6—250L)\S

> ZZNMR/ ST (@smb(h/9)P (24)

C€eH> XZ) nerL,]R

0'L+UR672]€)\SUL

— Z Z Z N(JLJR) —kTe (JLy]R)( 1)
k(2sinh(kAs/2))?

CeH(X,Z) k=1jL,jr

- Z ZZN]L —kTe Try, (= 1)”67%)\5”
k(2sinh(kXs/2))%

CeHy(X,Z) k=1 jr,

WhereNéL = ZNgL’]R)(—l)QjR(QjR +1).
JR
In terms of these integers NéL one can write F' as

© . —2jrk 4 ... +2jLk
_ 21, Az, —kTo [ 4 +--ta _ g
F = g E E (—1)YENHe ™e < PCEEy=TRP > , g=¢e"9%. (2.5)

CeHy(X,Z) k=1 jr,

If we turn on a constant graviphoton field strength which is not self-dual F = Fy dx' A
dx? 4 Fy do3 A dx?, then we can write the contribution that comes from integrating out the
particle in representation R of SU(2), x SU(2)r as

g * ds TrR(_l)O'L‘FURe*SWLQ e—2se(oL Fy4oRrF-)
.—/e s (2sinh(seFy/2))(—2sinh(seF5/2))

(2.6)



Summing over the contributions from all particles as before we get

F(w,t,q) =

DI

CeHy(X,Z)n=1j1,jR

(_1)2jL+2jRNgLJR><(t Q) (t q)nn)<(é)—nm+. : .+($)an)
n(tn/2 _ tfn/Q)(qn/2 _ qfn/2)

e—nTC’

(2.7)

where g = el t = ef?

. The integers Ng L:JR) give the degeneracy of particles with spin
content (jr,,jr), and charge C and are the number of cohomology classes with spin (jr, jr)
of the moduli space of a D-brane wrapped on a holomorphic curve in the class C' [13].

As an example, consider the local P! x P! which we will denote by X. M-theory
compactification on S' x X gives SU(2) gauge theory with eight supercharges. In this
case, the gauge theory partition function was calculated in [3]. As we will show in the last
section this partition function can be obtained from the refined topological vertex as well

and is given by?

Z(Qn Q. t,q) = > QY Z(ny,10:Qy1,q) (2.8)

vi,v2
A\ e a2 S 07 00 F
Z(V17V2;Q7t7 q):<a> q "1 t vz Zyi(tq)ZVl (qvt)Zyé(ta q)ZVQ(qvt)G(V17V27Q7t7Q)

o) 1— j—lti 1— ¢ j—lti
Gl v Q1) = H —v} -(+j—1Q_q .+')( @t/ )q_yt ,-Zj—l 1
ij=1 (1= Qq =it (1 = Q(q/t) g = 7t

Zutia)= T (1— GG o) = vt — i, lif) =vi—j,  (29)
(i,7)ev
where —log(Qp.s) = Tp s are the Kéhler parameters associated with the base and the
fiber P1’s.

We can use the above partition function to calculate the BPS degeneracies of various
states corresponding to charge C' € Hy(X,Z). For example, consider the curve 2B + 2F,
the canonical class of the P! x P1. This is a genus one curve and therefore the corresponding
moduli space will admit non-trivial SU(2), action. The spin content can be extracted from
the refined partition function and is given by

. 1 7 5
Z NZJB}—;—]QI} L,JR) = (574> D <07 5) S <0, 5) . (2.10)
JLJR
To see that this is the correct result note that the moduli space of 2B + 2F together with
its Jacobian is given by a P7 bundle over P! x P!: pick a point in P' x P!, the moduli

space of curves passing through that point in the class 2B + 2F is given by P7. Thus the
diagonal SU(2)r, x SU(2)g action which is just the Lefshetz action is given by

O-0-@-Q=@er) e

%v1,2 are 2D partitions, " is the transpose partition and ||v[|* = 3, v7.




Figure 1. The holomorphic maps wrapping the disks along the degeneration loci with boundaries
on the Lagrangian branes.

Note that since 2B+ 2F' is a genus one curve, the corresponding Jacobian is also genus one,
and therefore j; can only be 0 or % From this restriction on j;, and the above diagonal
action, we see that the unique left-right spin content is given by

1 7 5
—.4 — — 2.12
B=()=d) -
exactly as predicted by the partition function calculation

2.2 Partition function from the topological vertex

The topological vertex formalism [4] completely solves the problem of calculating the topo-
logical string partitions for toric CY3-folds. Consider the topological A-model with a toric
non-compact Calabi-Yau manifold X as its target space. The amplitude of this model is
the sum over the holomorphic maps from a Riemann surface 3, of genus g to the target
Calabi-Yau manifold X where each term is weighted by the area of the surface in X. One
can use the so-called toric diagrams (or web diagrams) to encode the geometry of the target
space as a tri-valent graph on the plane. These diagrams show the degeneration loci of
the toric action on X, i.e., along each edge of the web one of the 1-cycles of the fiber T?
shrinks leaving the dual cycle S'. The basic idea behind the topological vertex is to divide
the corresponding toric diagram of X into tri-valent vertices, which, from physics point of
view, should be considered as placing Lagrangian D-brane/anti-D-brane pairs to “cut” X.
Each tri-valent vertex corresponds to a C? patch.

The separation of the target space into C? patches results in cuts in the holomorphic
maps from the worldsheet to the target space as well. In other words, one ends up with
Riemann surfaces (not to be confused with ¥,) with boundaries over the point on the
edge where the cut is made. The boundaries live on stack of D-branes (or anti-D-branes)
along the three edges of the web. Closed string amplitudes on a given toric Calabi-Yau
manifold are obtained by an appropriate gluing procedure. The rules to calculate the
topological string amplitude on general toric, non-compact Calabi-Yau manifolds, given

the toric diagram are the following:



e After dividing the toric diagram into vertices, associate each edge described by an
integer vector v; with a representation ;.

e The orientation of the vectors (v;, vj,vy) describing the degeneration loci is important
in order to write down correctly the associated vertex to each patch: if all vectors
v; are incoming then Cy,, ., is the correct factor, otherwise we replace the partition
with its transpose u! for any outgoing edge.

e Once we have set up all vertices and the associated factors Cy,,,; ., , we can glue them
along their common edges. Assume that two vertices have the same v;, we can take
one of the v;’s to be incoming on one vertex and outgoing on the other one. Then
“gluing” turns out to be the following summation

) N7 Ry e
Z(_l)(Nz'Fl)g(Nz)q ni—5 e Z(MZ)tZCNj“k“iCHEH;NZ (213)
Hi

with the integer n; = |vj, A vg|. The appearance of this factor signals the equality of
the framing along an edge on both vertices.

e The Kéhler parameter T; associated to an edge described by v; = (p;, ¢;) is given by
T, =x;/ p? + qi2 where x; is the length in the plane.

e The partition p along any non-compact direction is a trivial one and denoted by “0)”.

A useful representation of the vertex is given using the skew-Schur functions [15],

r(p) _ oy _pt—
25,07 > sx (@ )80 0 (2.14)
n

Cruv(q) = ¢

where ¢~V = {q 1 H/2 g2 t3/2 g=vst5/2 .Y and $,/n(x) is the skew-Schur function®

defined, using the Littlewood-Richardson coefficients cg y» in terms of the Schur functions,

Sum(T) = Z C'S)\S)\(m') . (2.15)
A

3 The refined topological vertex

In this section, we will explain the combinatorial interpretation of the refined vertex in
terms of 3D partitions leaving the complete derivation to appendix A where the relevant
notation is also reviewed.

Recall that the generating function of the 3D partitions is given by the MacMa-
hon function,

[e.9]

M(g) =Y Cug"=[[(1—q")". (3.1)

n>0 k=1

3For a brief overview see appendix D.



The topological vertex Cy,,(q) has the following combinatorial interpretation [15]

M(q)CAMV(q) = Z q‘ﬂ()‘vﬂvl’”*‘ﬂ"()Muﬂy)‘ , (32)
(A, V)

where (A, u,v) is a 3D partition such that along the three axes it asymptotically ap-
proaches the three 2D partitions A, 4 and v. |7| is number of boxes (volume) of the 3D
partition 7 and 7, is the 3D partition with the least number of boxes satisfying the same
boundary condition.*

The refined vertex also has a similar combinatorial interpretation in terms of 3D par-
titions which we will explain now. Recall that the diagonal slices of a 3D partition, 7, are
2D partitions which interlace each other. These are the 2D partitions living on the planes
xr —y = a, where a € Z. We will denote these 2D partitions by m,. For the usual vertex
the a'® slice is weighted with ¢!™l, where |m4| is the number of boxes cut by the slice (the
number of boxes in the 2D partition 7,). The 3D partition is then weighted by

H q|7ra\ _ anez Ima| _ q# of boxes in the (3.3)
a€Z

In the case of the refined vertex, the 3D partition is weighted in a different manner. Given
a 3D partition 7 and its diagonal slices 7, we weigh the slices for a < 0 with parameter
q and the slices with ¢ > 0 with parameter ¢ so that the measure associated with = is
given by

(H qm) ( 11 tm) S )] 5 G- (3.4)

a<0 a>0

The generating function for this counting is a generalization of the MacMahon function
and is given by

e}

M(t,q) =Y q=m M= 76Dl = TT (1 - ¢ 19) 71 (3.5)

ij=1

We can think of this assignment of ¢ and ¢ to the slices in the following way. If we start
from large positive a and move towards the slice passing through the origin then everytime
we move the slice towards the left we count it with ¢ and everytime we move the slice up
(which happens when we go froma=itoa=i—1,i=0,1,2---) we count it with q.
Since we are slicing the skew 3D partitions with planes x — y = a we naturally have a
preferred direction given by the z-axis. Let us take the 2D partition along the z-axis to be
v. The case we discussed above, obtaining the refined MacMahon function, corresponds
to v = (. For a non-trivial, v the assignment of ¢ and ¢ to various slices is different and
depends on the shape of v. As we go from +o00 to —oo the slices are counted with ¢ if we
go towards the left and is counted with ¢ if we move up. An example is shown in figure 2.

4Since even the partition with the least number of boxes has infinite number of boxes we need to
regularize this by putting it in an N X N x N box as discussed in [15].
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q = blue (solid line), t = red (dashed line)

v=(4,3,1)

Figure 2. Slices of the 3D partitions are counted with parameters ¢ and ¢ depending on the shape
of v.

After taking into account the framing and the fact that the slices relevant for the
topological vertex are not the perpendicular slices [15] the generating function is given by

U2+ |v] 12
g\ W) _
Gapv(t,q) = (;) otz M(tg)Pe(t T ;q,t) (3.6)
q Inl=1 =l ,
X Z (;) S)xt/n(t_pq_y)su/n(t_y q—p),
n

and the refined vertex is given by

G)\ l/(t Q)
Cruv(t,q) = =2~ 3.7
)\,u,l/( 7q) M(t,q) ( )
q el 2 gy =l ,
= <;> 2 Pa(tPiq,t) ) (;) Sxt /(PG ) s a7 "),
n
In the above expression, P, (x;q,t) is the Macdonald function such that
Huu2 ~
Put(t”’;q,t) =12 Zy(tq), (3.8)

H ta(z,] +1q£( J)) ) (1 ]) = y — Z 6(2,]) =V — ] .
i,5)€

4 Open string partition function and Sym®(C)

In order to gain some insight into the proposed refined vertex and its gluing rules (to be
discussed below) it is useful to recall the connection between topological vertex and open
string amplitudes in the presence of stack of A-branes.

Let us consider the connection between open string partition function and the topo-
logical vertex. When a stack of Lagrangian D-branes is ending on one of the legs of the C3
the partition function is given by

Z Coo, (¢ ) T, V. (4.1)
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Since Tr,V = s,(x) where x = {z1, z2,-- - } are the eigenvalues of the holonomy matrix V.

Z(q; V) = Z C@@u(qil) SIJ(X) (4'2)
= s@)su(x) = [[ A+ 2ay).
v 1,j=1

In the case of a single Lagrangian brane x = (—@Q,0,0,0,---) we get the well known

partition function

o0

i+l
Z(g;Q) = [[1 - Qq™"*7). (4.3)
i=1
We will now show that the above partition function of a single Lagrangian brane can be
interpreted in terms of the Hilbert series of the the symmetric product of C.
Recall that the Schur functions have the property that

QW= b= X
= 4.4
SV/)‘(Q) {0, otherwise. (44)
This implies that s,(Q) is non-zero only for those partitions for which ¢(v) = 1, i.e.,

v = (v1,0,0,---). These are exactly the partitions which label the fixed points of the
symmetric product of C, i.e., Symk((C) has a single fixed point labelled by the partition
v = (k,0,0,---). We can construct a generating function of the Hilbert series of the

symmetric products [10],

G(¢,q) ==Y ¢" H[Sym*(C))(q) (4.5)

k=0

Since the symmetric product Sym”*(C) can be identified with the ring Ry :=

Clz1, 22, - , 2]/ Sk therefore the Hilbert series is given by [10]
H[R|(g) = > _q"rn(R) (4.6)
n=0

rn(R) = # of monomials in R of charge n

where on C ¢ acts as a C* action z — gz. To determine H|Sym*(C)](q) note that the Ry
is just the ring of symmetric functions in the variables (21,22, -, 2zx) and therefore the

Schur functions provide a basis of Ry,
Ry =< sy(z1,- ,zi)[l(v) <k >, (4.7)

where the condition ¢(r) < k is necessary since s,(z1,---,2x) = 0 for £(v) > k. Ry is
isomorphic to the Hilbert space Hj generated by bosonic oscillator up to charge k. Recall

that the bosonic oscillators satisfying the commutation relation

[tn, Q| = NOpm 0 (4.8)

— 11 —



generate the Hilbert space, H, isomorphic to the ring of symmetric functions in infinite
variables R . This essentially follows from the identification

pu(x) — v=1M2" ... — (a_1)™(a_2)™---]0). (4.9)
Under the above identification
Rp ~Hp =< (a—1)"™ -+ (a_k)™|0) | {m1,---my > 0} > (4.10)
and the Hilbert spaces Hj form a nested sequence
Ho CHy CHy CHsC--- (4.11)

which corresponds to the nested sequence of Young diagrams of increasing number of rows.

The C* action, which lifts to an action on the Sym®(C) such that the Schur functions
sy(z1,-++,2x) are eigenfunctions with eigenvalue ¢!, becomes the action of ¢~° on the
states in H (Lo = Y50 @—nOn),

k

H[Ri](q) = Tryq™ = Y M =T[a-¢)". (4.12)

vle(v)<k n=1

The Hilbert series of Ry in this case turns out to be the generating function of the number

of partitions with at most k parts. We can express H|[Ry](q) in terms of the Schur functions,

k

H[Rk‘](Q) = H(l_qn)il :S(k)(17Q7q27"')' (4'13)

n=1
The generating functions G(¢, ¢) is then given by

e}

G(¢,q) = > ¢"H[Rl(q Z ¢"Tryy, g0 (4.14)

k=0

- Z¢ks(k)(17Q7q27 o )

_Z S(k 1Qaqa"'):Zsu(¢)su(1’q’q2"")

v

- zsy M)su(@477) = Y s0(a”) su(—4729)

v

= ZC@(Z)V YT,V = Z(¢; V),

where Tr,V = 5,(Q) and Q = qféqﬁ.

Thus we see that as we move the brane to infinity (Q = e~* + 0) the contribution of the
higher modes is suppressed. On the other hand as the brane moves towards the origin (Q —
1) higher oscillator modes starts contributing with equal weight to the partition function.

- 12 —



From the above discussion it also follows that the topological vertex Cpgx)(¢) has an
interpretation as counting the number of states of a given energy in the Hilbert space Hj.
It is tempting to conjecture that the topological vertex with all three partitions non-trivial
has a similar interpretation. This is supported by the fact that topological vertex when
expanded as a powers series in ¢ has non-negative integer coefficients.

It is easy to see that the recursion relation

1
Try g™ = 1_—qkTer71qL° (4.15)

implies that the partition function Z(g; @) satisfies the equation
(% —1+ qZe ) Z(ge ™) =0, (4.16)

It is easy to determine the disk contribution using this differential equation. Since Z(gq; Q) =
exp(% + F1 + gsF> + - - ) therefore

(9:0u)"e = "1 {(0,F)" + O(g,)} (4.17)
Therefore
Z N ge g " Z(ge™) = e *F) 1 0(gs) (4.18)
which implies in the limit g5 — 0
duFy = —log(1 — ¢*/%e™v). (4.19)

This relation was noted in [17] where it was related to the non-commutative geometry of
the coordinates on the local mirror geometry. Below we will obtain a similar equation in the
context of the refined vertex, whose geometric understanding is an important open question.

4.1 Stack of branes

In the previous subsection, we considered of a single Lagrangian brane ending on one of
the legs. Now we will consider the case of multiple Lagrangian branes on the one of legs
of C3.

The partition function is given by

Z(X’Q) = ZC@@V(Q_l)S,/(X), X= {xlax%"' ’xN}’ (4'20)

N oo
=TIITa+a7 7).
i=1j=1

The above partition function is the generating function of the Hilbert series of product
of symmetric products of C. To see consider the following generating function

k
G, on,0) = > @b s o H[Mp,.ky() (4.21)
[y

My, gy = Sym*™ (C) x -+ x Sym™(C).
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The ring of functions on My, ...k, is spanned by

slll(xl,lu"' 7'%'1,]61)81/2(1.2,17"' 7'%'2,]62) "'SVN(xN,17"' 7xN,kN)7 K(Va) S kaaa - 1727"' 7N'

In terms of the bosonic oscillators 045{1) satisfying the commutation relations

[, a®] =184 40min0- (4.22)
the above ring is isomorphic to the Hilbert space ‘Hy, ..., spanned by
N
[T @y (@, )meseo). (4.23)
a=1

The Hilbert series of My, ..., is then given by the trace of Hy,...k,,

H[Mj,y iy )(q) = Tryg,, . 0™ (4.24)
where Ly = ZZLV:I Y n>0 a(_‘lglasla). This implies that

N ka .
H[Mk1---kN](Q) = Z qzazl 22i2y imai
™M1,1,M1,2° " MN
N kq

N
=11 3 gt ima T -a)"

a=1mq 1, ;Mg Kk, a=11=1

Since the Hilbert series is given by the product of the Hilbert series therefore

N N oo
—i _1
Gler, o )= [ Ga =[] [0 - ¢ "0a)=2(4:%), #a=—q2¢pa. (4.25)
a=1

a=11i=1

4.2 Refined vertex and open string partition function

It is natural to expect that the refined vertex also has an interpretation in terms of gener-
alized open topological string amplitudes in the presence of stacks of A-brane. In fact the
results of [26] suggests that the Khovanov knot invariants are related to this refinement of
the open string amplitude. It thus suggests that we should view the refined vertex as build-
ing blocks for computation of Khovanov knot invariants that can be obtained from local
toric Calabi-Yau manifolds. The first step in motivating this interpretation is to show that
the stack of D-branes in the context of refined vertex can also be related to the symmetric
product of C, as it was possible in the context of ordinary vertex. This we will show here.

When using the refined vertex the open string partition function depends on the leg
on which the stack of branes is put essentially because the refined vertex is not cyclically
symmetric. Thus we have three choices corresponding to the three legs of C3. We will
consider all three cases,

1Al

Croo(t.a) = (4) % s, (4.26)
IIMII;quI

Copo(tia) = (¢ sut(q™"),

S22
Hseu(l _ tl—i—a(s) qﬁ(g)) .

C@@u(t7Q) =
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I: The open string partition function is given by

Al

20,0.9) = 3 Cuanlt™a @) = 3 () T ox )or) (1.27)
A

}_[1(1+$\[t ”) ﬁ(1 Qt*”%), Q:—x\/%.

i=1

=

IT: The open string partition function in this case is given by

I

Z(t, g Zcm L su@) =30 (5) 7 swela)sa@) (429)

I

= ﬁ(l—i—xq”é) :ﬁ(l—Qq”é) , Q=—-x.

i=1 i=1

Thus we see that in both these case the partition function is the same as the partition
function obtained from the ordinary vertex except that the partition function depends
on either t or g depending on the leg on which the brane ends.

III: The more interesting case is the third one in which the brane ends on the prefered

leg. In this case the open string amplitude using the refined vertex is given by

Z(V,t,q) ZCWV Vg HTr, v (4.29)

= ZC@(BV 4 )SV( )

where x = {z1, z2,-- }. Since
q||VH2/2 o ( )|V‘< >| /2 tHVtHQ/2
Coou(t,a) = Hseu(l — ¢14a(s) qg(s)) » Cogo(t g ) = Hseu(l — tl4a(s) qz(s)) (4.30)
therefore for x = {—Q,0,0,--- } we get
Qataq ZC(Z)@V q V(_Q) = chw(k)(t_l’q_l)(_Q)k (431)
k=0
t\F L
S (0 focee
k=0 < \/E n=1

The above partition function can also be written using a more refined Hilbert series
of the symmetric product of C. The Schur functions provide a basis of Ry. A Schur
function s, (21, - , 2;) has charge ¢'" under the C* action for L(v) < k. We define a
second C* action such that

C*: sy(21,20, ,25) — 94 Su(z1,22,+ y21), L(v) <k. (4.32)
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Note that this second C* action has a simple interpretation in terms of the bosonic oscilla-
tors. On H), this second C* acts as 9" where N = > s 22 is the operator that counts
the number of total number of particles in a given state |v) . On a state [v) = [1™12™2...)

the operator IV acts as
N1™2™M2 ... = (my + mg 4 ---)[1™12m2 ... (4.33)
Using this second C* action the refined Hilbert series of Ry

HIRJ(g,9) = Trp g0 = 3~ 1o, (4.34)
v|e(v)<k

For ¢(v) < k the partition v can be written as v = 1™12M23™3 ... ™ guch that |v| =
Zle im; and £(v') = Zle m; therefore

H[Ril(g,9) = Y, ¢"o™ (4.35)
vie(v)<k
k
— Z qm1+2m2+3m3+---+kmk ,lgm1+m2+---mk — H(l _ ,lgqi)fl
mi,ma, My pal

Then the generating function of the refined Hilbert series is given by

G(¢,q.0) ZM [Ri)(q. v ZMH 9q')! (4.36)

=1

- Z<¢%,ﬁq,q>.

The refined partition function also satisfies an equation similar to the one satisfied by
the quantum dilogarithm,

(g% -1+ vﬂq% e ")Z(e " 0q,q) =0 —1. (4.37)

where QQ = e™“.

Understanding the geometric meaning of this relation is an open problem which is
important for a deeper understanding of the refined vertex.

4.3 Brane orientation and the gluing rule

We have seen previously that both the topological vertex and its refinement can be un-
derstood in terms of symmetric products of C. The appearance of the Sym®(C) can be
understood if we embed the topological string in the physical Type IIA string theory [18].
In this case, the Lagrangian branes become the D4-branes wrapping the Lagrangian 3-
cycle in the CY3-fold and filling up two dimensions of the transverse four dimensions.
The appearance of the symmetric product can then be interpreted as counting particles in
two dimensions.

The refined topological vertex depends on two parameters t, ¢ which in the instanton
calculus corresponds to the U(1) rotation parameters of the two orthogonal planes in C2.

,16,



For the branes on the two unpreffered directions the open topological string partition
function depends only on either ¢ or q. This suggests that branes on two unpreferred
directions actually fill the two different orthogonal planes in C?. To obtain the closed
string partition function we have to glue two edges of the C? vertex. From the instanton
calculus we know that the closed string partition function can be obtained by counting
points in C2. Therefore the gluing to obtain the closed string expression must be such
that the two stack of branes, on the two legs which are to be glued, fill up orthogonal two
dimensional planes in the C? transverse to the CY3-fold.

Even though this gluing rule is very natural and we will see that it works, a deeper
explanation of this is needed. In particular the asymmetry of the refined vertex is a feature
that has to be explained in terms of the orientation of the Lagrangian branes: the unpre-
ferred directions have branes that fill two orthogonal subspaces of C2. But we also need
to have an explanation of the Lagrangian brane on the preferred direction. This we leave
for future work. This is also related to the Khovanov knot invariant interpretation of the
refined vertex: It should be possible to compute the Khovanov invariants (for toric knots at
least) using the refined vertex, as we noted above. This is currently under investigation [19].

5 Refined partition functions from the refined vertex

In this section, we will use the refined topological vertex to determine the generalized
partition function for various local toric CY3-folds.

51 O(-1)®O(-1) — P!

The compactification of Type ITA string theory on the Calabi-Yau threefold X = O(—1) ®
O(—1) — P! gives rise to U(1) N = 2 gauge theory on the transverse C? in a particular
limit [1]. Using the topological vertex formalism, the topological string partition function
is given by

2(4,Q) = 3 QM(=1)" Cy,(q) Cyp,e(a) (5.1)

v

= 3 QM=) s,e(g)su(a ")

v
e ¢} [e.e]

_ H (1_qu+j71> :H<1_qu>

ij=1 k=1

k
’

where T = —In(Q) is the Kéhler parameter, the size of the P!

We can use the refined topological vertex to determine the refined partition function.
The toric diagram of X and the gluing of the refined vertex are shown in figure 3. From
the gluing of the vertices in figure 3, we see that the refined topological string partition
function is given by

Z(t,q,Q) =Y _ Q" (=) Cyy,(t,9) Coe(a:t)- (52)
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q q q t
14 1% I/t
) b =
t t‘ t q

Figure 3. Toric diagram of O(—1) @ O(—1) +— P!. The vertices are glued along the preferred
direction v.

)\t

Figure 4. Toric diagram of O(—1) & O(—1) — P!. The vertices are glued along the unpreferred
direction A.

Since

2 2
* ~ Il

[lv [lv
C@@I/(t7q):q 2 Zl/(t7Q):q 2

the refined partition function becomes®

t
\

QIV\( )M 4] A2
Z(t,q,Q Z I $)+1 2(3))( el gl (5.4)

SEV(

This is exactly the partition function given in eq. (4.5) of [10] if we identify (¢1,%2,q) =
(t,q 4 Q 5) A different representation of the partition function can be obtained by

choosing different preferred directions as shown in figure 4.

5An equivalent expression obtained by v — v is given by

Q‘U‘(fl)‘y‘ Mt“VHQ
[T,c, (1 — ) H+1ga()) (1 — thls)gals)+1)

v

,18,



The refined partition function with this choice is given by

Z(t,q,Q ZQ'M DN Cypp(t, q) Carpulast) (5.5)
1AL 1AL
=S QM(E) st ) (1) 7 saa )
A
= > QMsn ) saa™) = T] (1-@a2473)
A ij=1

> ——%
= Exp<{ — = 7 — .
ot n(q? —q 2)(tz —t 2)
Identifying the above two representations of the partition function we get the follow-
ing identity
l® 11412

Q\V|(_1) v gzt 2 00 o
Zu: [Toe, (T — t2OF g (1 — oGl gf+T) — =P nZ:l n(gs —q 2)(t2 —t2) >0

which is a specialization of the identity eq. (5.4) of [25] and was also derived in [10].

Note that in gluing the two vertices, we have have taken the parameters g or ¢ be the
different on the gluing edges as discussed in section 4.3. The parameter does not have to be
the same as the vertices are actually an infinite distance apart. Actually, one can also check
that a combinatorial description of the partition function requires that the parameters be
different on the two gluing edges.

5.2 x,-genus, Sym*®(C?) and the refined topological vertex

In [8], it was shown that the the generating function of the equivariant x,-genus of the
Hilbert scheme of C2, denoted by Hilb* [C?], is given by the topological string amplitude of
a certain CY3-fold Xy, which is the partial compactification of X. The equivariant action
of C? was given by (z1,22) — (q21,¢ " z2). Here we will show that the refined partition
function of X is given by similar generating function for which the equivariant action is
given by (z1,22) +— (g 21,1 '22). The generating function is given by

G(e,y,t,9) =Y P xy (Hilb*[C?]) . (5.7)
k=0

and will be calculated using the localization. The fixed points of Hilb*[C?] under the above
two parameter action are labeled by the 2D partitions of n [12]. The weight at the fixed
point labeled by the partition v is given by [10, 27]

S v = Y <t1+a(z‘,j) 76D 4 tfa(z‘,j)qflfé(z’,ﬂ) (5.8)
i7j (Z7])e v
Using these weights the y,-genus of Hilb¥[C?] is given by
—wi

1—wye
k 2 1l—ye 7
(Hllb (C E | | 1wy (5.9)

i g=1
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)\T )

L
Figure 5. Toric diagram of partially compactified O(—1) @ O(—1) + PL.

where i label the fixed points (the partitions of k in this case) and j label the weights at a
given fixed point,

1 _ tl“l‘a( 7]) Z(lvj))(l — yt_a(lvj)q_l_e(lvj))

k[C2))
(Hllb (C Z H 1 — tl+a( ,j)qé(z,]))(l _ t—a(i,j)q—l—é(i,j)) (5'10)
v,|lv|=k (i,5)€Ev
And the generating function is given by
1 — t1+a(i7j)qz(i7j) 1 — tfa(ivj)qflfz(inj)
G(p,y,t,q) = Zso H Y X1 LGRSy

( ) (1 — tl+a(2,j)q5(2,j))(1 — tfa(ivj)qflfz(inj))
1,])EV

The above generating function can be simplified to an expression which can be compared
with the refined vertex calculation more easily,

2

L 112 =
G(p,y,t,q) = Z@' g Z,(t,0) 2, (q,t) (5.12)
X H t1+a(27.7) ( 7.7))(1 _ ytfa(ivj)qflfz(inj))
(.4)ev

Now we will calculate the refined partition function of the CY3-fold Xy. The toric
diagram of the CY3-fold Xy is shown in figure 5. In this case the topological string
partition function is given by

Z(Q1,Q2) := Z(_Ql)ly‘(_QZ)w Cxpu(t,q) Crgui(q,t)

_ Z (=) (—Q)M ¢

= Z(—Qﬂ'"‘q T Z(00) Zr(0,0) S (@M sne(tPa ) sa(t a7 )

Ut ~

= 2t q) s () 1T Ze(q,8) sa (™ q7)

v A
) L2 iR ad i1t il
=S e T T L) Zuat) T (1- @t g )
v ij=1
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a) b)

Figure 6. Two possible choices for the preferred direction, the internal line (a) and the parallel
external lines (b).

For @1 = 0 we get the perturbative (in the gauge theory sense) contribution. The
instanton part is then given by

-1 t -1
Z(Q1,Q2) ) 2 2 ~ e (1 —Qot 2 Vgl
LY N Mgt T Zu(tg) Zu(aot) ] 1

]2 HV ~
= Z —Q g2t T Z,(t,q) Zy(q,t)
X H ( Qtl_%_V; qji%iw) (1—Q2t _H_ q ]Jr%)
(i,9)ev

The above partition function is exactly the generating function of the x,-genus after
the identification

p=-Q1, y:Qz\/%. (5.13)

5.3 0(0)®O(-2) — P!
This geometry can be obtained from local P' x P! by taking the size of one of the P! very
large. This limit gives two copies of O(0) ® O(—2) — P!

In the usual topological vertex formalism the partition function is given by

w(v)

ZQ‘V' DM Cyp,(9) (=) g2 Cpgue(a) (5.14)

- ZQ‘”'syt(q_p)q 5 ZQ\VIS (g syt (")

I (o) ﬁo—m

i,j=1 k=

—k

[y
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In this case to define the refined partition function we have two choices for the preferred
direction as shown in figure 6. The refined partition function for the case (a) of figure 6 is

given by
Z(t,q,Q ZQ' (=) Cyo (t,9) fu(t,0) Copre(g, 1) (5.15)

2 )2
vl vl

_Z WIZ,(t.a) Zy (g, t) g 2t 2 fult,q)

(Q\/g)w 112

TLee, (1 — 15+ gfO) (1 — o) )T

v

The partition function for case (b) of figure 6 is given by,
Z(t,q,Q ZQ‘A' DM Cyrolts q) £a(t,q) Cregolts q) (5.16)

A2

= SN () T s At s )

=3 (@) s nstan =TT (1-@a'v )
> ij=1
SOk
= BExp nzl n(g —q 2)(t3 —t73)

The partition functions corresponding to the two choices are actually equal to each
other (after scaling @ by \/q/t) as can be seen by using the summation formulas for the
Macdonald functions.

5.4 Another toric geometry: C3/Zs x Zo

The geometry in figure 7 is an interesting geometry consisting of a vertex with all non-
trivial representations in the middle. In the limit of vanishing @ and Q3 (with A = 0),
i.e, sending the lower and upper-most vertices to infinity, we recover our previous result
for the conifold. The refined partition function is given by

Z = Z (_Ql)p\‘ (_QQ)W'(_Q?))'V‘C@@)\@’ Q) C,uu)\t (CL t) C,ut @@(ta Q) C@ vt @(t’ Q) (517)

A v
||
12 WH? t\ 2 ot L
= Z (—Ql)qu 2t Z (t q)ZAt(q, )(q) Sﬂt/n(q Pt A )SV/T](q )\t P)
A psvym

X SM(—QQt_p)S t (—ng_p)

A\ HAII IIVH ~ = (1 - Qo q—Pﬂ't‘Aﬁ'_pi)(l — Q3 q NTPitTPI)
= Z}\:( Ql)' ‘ Z (t Q)Z)\t(% )ZEI (1 _ QQQ?, q—pi—l/Qt_PH-l/Q)
Note that for Q1 = 0 the product representation of the refined partition function is
consistent with having two P!’s with normal bundle O(—1) @ O(—1) such that the sum of
the two P1’s can be deformed into a P! with normal bundle O(0) ® O(-2).
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Al(?l H1C22

v,Q3

Figure 7. A toric geometry with three P!’s.

5.5 Local P! x P!

In this section, we will use the refined vertex to calculate the refined A-model partition
function for the local P! x P'. The toric geometry for this case is shown in figure 8.
The parallel horizontal edges in the rectangle correspond to the base P!. We cut the
toric diagram perpendicular to these parallel lines following [6]. The 2D partitions on the
parallel edges will be denoted by v and v5. The half of the toric diagram corresponds
to a geometry O(0) & O(—2) — P! with a stack of D-branes on the two parallel edges
in the representation vq,r5. We denote the open topological string partition function by
Zn(t,q,Qy) where Ty = —log Q is the Kéhler parameter of the fiber P!'. The two parts
of the toric diagram are identical. This implies that the open topological string partition
function associated with both sides is the same, Z,, ,,(t,q,Q¢). The only subtlety arises
in how these two open string partition functions are “glued” together to form the closed
string partition function. This gluing information is contained in the normal geometry of
the base curve and determines the framing factors.

From the toric geometry, figure 8, it is clear that locally the two P’s corresponding to
the base curve (the upper and lower parallel edges) are O(0) © O(—2) — P! and O(—2) @
O(0) + P!, Therefore the framing factor with the top edge is f,(t,q) and with the lower
edge is fu,(q, ).

With this choice of framing factors the generalized partition function is given by

Z(Qb, Qfa ta Q) = Z (_Qb)‘yl‘HW'Zm,uz (t, q, Qf) fl/l (t, Q) fzxz (q, t) Zl/z,lq (Qa t, Qf)a (5'18)

vi,V2

where

2
A 1121w |
2 r(v1)
2

) fnfart) = (-1 (2 -

r(vg

(= (2) =5 (5.19)

q
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V1

== Zl/l,l/Q (tu q, Qf)

vy

(a) (b)

Figure 8. (a) Toric diagram of local P! x P!, (b) a slice of the toric diagram used to compute the
partition function.

and
Zoy (1,4, Q) = ; —Q )M Cxiguy (t,9) F(t,q) Corps(t,9) (5.20)
= M ) Z (it )
x ; QM sx(t7¢™) fa(t q) <%)A22tﬂ(5)8 (t™q™")
A (60 2,58, q) <Qf\/>>| | AP ) sa(E72g77)

w5112 ~ ~ . A -1
=q 2 +3 Zl,1 (t,q)Zyé (t, q) H <1 _ Qf piml-va q]_lll,i) ] (5_21)
i7j

Zpo(t,q,Qy) is the partition function of O(0) & O(—2) — P'. We can separate out the
contribution which is independent of ), and write the above partition function as

Z(Qb’ Qfat’Q) = Zpert(Qf,t, Q) Zinst(Qb, Qf,t,Q) (522)
Zpert(Qf7t7Q) = Z@,@(t7Q7 Qf) Z@,@(q7t7Qf)
lvf112
Ly, v (t q, Qf) t 2 _ k()
Zinst (Qu, Qpstyq) = _ QI S 2L L (2
1nst( f ) Z Z@M(t,q, Qf) q

v1,v2

l/t 2
y <g> Il %H ti%m) ZV27V1(q,t, Qf)
t Zpp(a,t,Qy)
l/t 2 l/t 2~ ~ ~ ~
= S QU A (AP Z, (4,) 2,1 (1, 0) Zon(0.0) 2, (0. )
V1,02
1 _ tz 1 1— i— 1t]
y H - Qrt''¢)(1 - Qrq * )
1_ ftl V2]q] Vlz)(l_qu'l Vljt] VQz)

7]1
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5.5.1 Partition function from instanton calculation

The partition function of the 4D gauge theory was calculated by Nekrasov [3]. The 5D
partition function which is the one A-model topological strings compute is a g-deformation
of the 4D partition function [10, 11, 14].

The partition function can be calculated once the weights of the U(1) x U(1) action
at the fixed points are determined. The fixed points are labelled by a set of N 2D parti-
tions (in the U(N) case), therefore, for a fixed point labelled by {v1, - ,vn} the weight
W(v1,--- ,vn) is given by

N
W(v, - ,vN) = H N (vg, ) (5.23)
a,b=1
where
£(s)+1 1,0 - Wt 12+l IvlP=lv] ~ ~
N(V, V): H <1_ta(3)q (S)JF ) (1_t*a(5)7 qi (5)> — t 2 q 2 Zy(t’ q) Zl,t (q7 t)
SEv

—1
N(Vm Vb) = H <1 - Qbatyé’j_i qya’iijJrl) H (1 - Qbatiyé’frii1 qiyb’iJrj)
(,4)€va (4,9)€vp
- 1—Qup¢t'?
o1 L= Qupq it ¢ Ve T

and —log Q4 are the Kéhler parameters. The partition function is then given by

N
U(N Z ~
Zgal(xge)theory = Q‘V1‘+|V2‘+ +‘UN‘ H N(Va,]/b) (524)
N

V1,2, v a,b=1

The above partition function computed from the gauge theory side is the A-model
partition function of the Calabi-Yau threefold which gives rise to 5D supersymmetric gauge
theory, via M-theory compactification, with zero Chern-Simons coefficient.

For N = 2 the partition function in eq. (5.24) can be simplified to the following

expression (Q = Qy, QQ = qaf)

U(2 v 1%
Zgal(lgl theory = Z q‘ 1‘+| 2|Z(”§7V§;Q7t7 q) (525)
V1,2
q\ el e a2 7 7 7
Z(V17V2;Q7t7Q) = <¥> q g Zyzlt(ta q)lel(qvt)Zyé(ta q)ZVQ(qvt) G(V17V27Q7t7Q)
0 . . .
1— j—ltl 1— jtl—l
G(V17V27Q7t7Q) = H t( . Qq )( Qq t ) .
=1 (1= Qg ™ h ity (1 — Q ¢ "2 =t
~ -1
Z,(t,a) = ] <1—t“(5)+1qf(5>) UG =vi— g, ali,j)=vi—i (5.26)
sev

It is easy to see that the above gauge theory partition function is the same as the refined
partition function of the last section.
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Chm e NEVIR (L, i)
B+mF, m >0 (0,m + 1)
2B + 2F (390, ®(0,3)
2B + 3F (L, 5) @ (5.5 @ (5.4 ® 2(0,3) @ (0,) @ (0,3)
2P)e@Enei6o3(1F)e2(L5) o3
3B +3F @ (3,7) @ 3(3,6)® 3(3,5) @ 2(3,4) & (,3) 24(0, )
$3(0,2) @ 3(0,2) & (0,2)®(0,2)
BHeGeEs)es2d)e39)e2(27)
od(3.8)0 (L F)o(23)04(3,7)07(1,2) ®2(3,8)
3B 1 AF (0. F)e2(36)@6(1F)e7(37e (0.3)e (3.5
@5 (1,1)®8(5.6)@7(0,2)®2(1,2)@6(3,5)
©6(0,7) @ (1,7) @ 4(3,4) @7(0,3) ©2(3,3)
24(0,3) @ (3.2 @3(0,3) & (0,3) @ (0, 3)

Table 1. Spin content of BPS states for local P! x P!,

5.5.2 Spin content of BPS states

In this section, we list the spin content of various curves obtained from the refined partition
function. A basis of Ho(P! x P!) is given by {B, F'} such that

B-B=F-F=0, B-F=1. (5.27)

The class nB 4+ mF has a holomorphic representative if n,m > 0. The genus of such a

curve is given by
gmB+mF)=(n—-1)(m—-1). (5.28)

From the refined partition function we can extract the spin content of the various states
coming from C' € Hy(X,Z). In the table 1 we list the spin content for certain C, ,, =
nB + mF.

5.6 Local F,,

In this section, we will use the refined vertex to calculate the refined partition function for
the local F,,,, m = 0,1,2. The case m = 0 (local P! x P!) has already been discussed in
the last section. As we saw in [6], the partition function for local F,, differ just by framing
factors along the edges which label the instanton charge (the edges corresponding to the
base P!). This continues to be the case for the refined partition function for local F,,.
The toric geometry for these cases is shown in figure 9. The parallel edges in the
polygon correspond to the base P'. We cut the toric diagram perpendicular to these parallel
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Figure 9. Local F,;,, : m=0, m=1, m=2.

lines as we did for the local P! xP'. The 2D partitions on the parallel edges will be denoted
by vy and 5. The half of the toric diagram corresponds to a geometry O(0) ® O(—2) — P!
with a stack of D-branes on the two parallel edges in the representation v, 5. We denote
the open topological string partition function by Z,, ,,(t,q,Qf) where Ty = —log Q is the
Kiéhler parameter of the fiber P1. Z,, ,,(t,q,Qf) was calculated in the last section and
is given by eq. (5.18). Although the two parts of the toric diagram look different (except
for m = 0 in which case they are identical) they are related to each other by an SL(2,7Z)
transformation. This implies that the open topological string partition function associated
with each side is the same, Z,, ,,(t,q,Q¢). Thus the difference arises only in how these
two open string partition functions are “glued” together to form the closed string partition
function. This gluing information is contained in the normal geometry of the base curve
and is what determines the framing factors.

From the toric geometry, figure 9, it is clear that locally the two Ps corresponding
to the base curve (the upper and lower parallel edges) are O(—m) @ O(—2+m) — P! and
O(—2 —m) ® O(m) — P'. Therefore the framing factor with the top edge is f,,"™ (¢, q)
and with the lower edge is f/"!(g, t).

Using the above framing factors the generalized partition function is given by

Z(m)(Qb7 Qf,t, q) = Z (_Qb)lm\-i-lm\Q}”\m\ Zon (t,q, Qf) fy_lm+1(t,q)

v1,v2

leLJrl(q’ t) ZV27V1 (q, t, Qf)

We can write the above partition function as
Z™(Qb, Qyt.4) = Zyen( Q. 1.4) 28 (Q, Q1. t,0) (5.20)

where Zég)t(Q #.t,q) is a function only of Qy and, in the field theory limit, it gives the

perturbative prepotential of the theory. Zg:g (Qp,Qf,t,q) depends on Qp and gives the
instanton correction to the prepotential in the field theory limit. Although Q; and @ are
on the same footing in the topological string theory we write the partition function this
way to simplify the expressions and to be able to compare with the m = 0 case, which
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corresponds to Nekrasov’s partition function.

o0
. -1 - -1
Zégl(Qf,f,Q) = Zpo(t. 0, Qp) Zpo(a.t, Q)= [ 0= Qst'd™") ™ (1-Qpt " ¢) ™.
ij=1
Zuan(t:0,Qp) ()" o
(1)
Z (Qu, Qo q) = QT g vl Zra b8 1) <£> g
1nst( f ) VIZ’VQ b f Zm(t,q, Qf) q
w5112 m+1
X <%> : t*%m (_1)m(\V1|+\V2\) ZV27V1(q7thf)’
Zyo(q,t,Qy)
where
Ziwn(t,q,Q) v l? | Id0 > 1—Qti—1gd

2 ZVI (t, q)Zu§ (t.q) H
ij=1

—q 2 (5.30)

Z@,@(t7 q, Qf) 1— Qf ti_l_VQ,j qj_Vl,i '

The expression for the Z.(m)(Qb, Qf,t,q) can be simplified to become

inst

v v miv m(|v v 3 (lval+[1v31?) 2 (k(v1)—kK(v
Zinst(Qb,Qf,t,Q) = Z QL 1|+ 2|Qf\ 2 (_1) (lv1]+]v2l]) (%) 2 2 t2( (1) —r(12))

vi,V2

Vt 2 Vt 2~ ~ ~ ~
x gl Z, (9) Z, (1, 0) Zoy (0, 1) 2t (g, 1)

t
2
- 1-Qst'd (1 -Qsd' ™)
X H (1 . Qf tz‘fyg’jqj—lfylyi)(l _ Qf qifm,jtj—lf,,zi) .

(5.31)
i,j=1

5.6.1 Spin content of BPS states: local F,

In this section, we list the spin content of some curves obtained from the refined partition
function given in eq. (5.31) for the case m = 1. F; has a two dimensional Hs(F;) with a
basis given by B and F' such that

B-B=-1,F.-F=0, B-F=1. (5.32)

A class nB 4+ mF has a holomorphic curve in it if m —n,n > 0. The arithmetic genus of
such a curve, C'=nB + mF, is given by the adjunction formula,

(n—1)(n-2)

gnB+ (n+k)F) = 5

+k(n—1). (5.33)

Since Fy is the one point blowup of P? there is a different basis {H, E} of Hy(F;) which
will be useful for us later,
H=B+F E=B (5.34)
H-H=1,E-E=-1, H-E=0,
where E is the exceptional curve obtained by the blowup and H is the basic class of P! in

P2 given by linear polynomials. It is clear that the invariants of the curves B + F,2(B +
F),3(B+F),--- will be the same as the invariants of the curves H,2H,3H,--- in local P2.
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B + k F: These curves are of genus zero for all & > 0. The moduli space of such
curves is given by P! where d = —C - K, = 2k + 1. Therefore, the left spin j;, = 0
and right spin jr = k,

NG = 650.00j,8 (5.35)

This is exactly what we get from the refined partition function.

2B+ 2F: This curve is also of genus zero, and since 2(B + F') = 2H the moduli space
is given by P°, the space of quadratic polynomials in P? (up to overall scaling). Thus

NG = 6500053 - (5.36)

JR>3

This is exactly what we get from the refined partition function once multicovering
has been taken into account.

2B + 3F': This curve is of genus one. The spin content from the refined partition

(1) (03)=(03).

2B 4+ 4F: This curve is of genus 2. The spin content from the refined partition

function is

function is
11 1 1 9 7 5
1, — = =4 2 = — = .
(1) 2 (5) 2 (1) 22 (02) 2 (02) 2 (02)
2B + 5F': This curve is of genus 3. The spin content is given by
37 @ 113 @ 111 @2 16 @ 15 @2 O11
27 b 2 7 2 27 27 ) 2
1 9 7 )
=4 2 = — = .
o (34)o2(03) e (0.3) o (0.3)
3B + 3F': This curve is of genus 1. The spin content is given by
19
- = 0,3).
(5:3) ® 03

Note that this is also the spin content of the curve 3H in local P2.

3B + 4F': This curve is of genus 3. The spin content is given by
3 13 1 11
-, — 1 1 2( =, —
(33)eaveanez(sy)e0o
19 17
@2( )@@&@( >@m®@w@@m@

272 272
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e 3B + 5F': This curve is of genus 5. The spin content is given by
5 17 3 15 3 13
( >69(2,8)@(2,7)@3(5,7>@(1,8)@2<§,7>

2" 2
115 3 11 113
1 - = i 4(1 - =
@3(,7)@<2,2>@<2,2>@ (,6)@5(2,2>

= 11) $3(0,6) @ (1,4)

@ 2(0,7)@2(1,5))@5@,7

19 17
4=, 2 2(=, L 4
@ <2,2>@5(0,5)@ <2,2>@3(0,)

® <%g) ©3(0,3) @ (0,2) @ (0,1).

e 4B + 4F': This curve has genus 3. The spin content is given by

3 11 1 1 1 13 9 5
2 1. = z z ~ 4 et z 2
e (3)= (o) e (Go) = (3 (05) = (03) = (03)
This is also the spin content of the curve 4H in local P2.

e 5B + 5F': This curve has genus 6. The spin content is given by

(3.10) + (gg) & (2,9) @ (2,8) @ (2,7) @ (g?) o (gg) o2 (g%)

@ (3 13) ® (3 11) & (1,9) @ 2(1,8) @ 2(1,7)

272 272

@ 2(1,6) @ (1,5) & (1,4) @ <%g) S 2 (%%)

113 111 17 15
32,2 )@2(=,— ~ =2 )@(0,8
vi(33)e2(35)0 (33) 2 (33) 20

@ 2(0,7) @ 2(0,6) & 2(0,5) & (0,4) & (0,3) @ (0,1).

This is also the spin content of the curve 5H in local P?

From this example it is clear that although the refined vertex can only be used for a
certain kind of geometries (those giving rise to gauge theories) the spin content of BPS
states for any toric CY3-fold can be obtained by embedding this toric CY3-fold in another
toric CY3-fold which does have a gauge theory interpretation. For example, the refined
vertex can not be used to determine the refined partition function for local P? but since
one point blowup of local P? is local F; which does have a gauge theory interpretation
therefore spin content of BPS states coming from local P? can be obtained from the refined
partition function of local F;. We list the spin content of first few BPS states for local P?
in the table 2.
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Cn=nH ZjL,jR Ng ’JR)(JLJR)
H (0,1)
2H (0,2)
3H (2,.2)®(0,3)
" G7oLE)e G600
@ (3:4) @ (0,%)®(0,3) @ (0,3)
3,100+ (3, N eEyees)a2ne (3,
®2(3,9)e(3,3)® (3, 5) @ 1,9 ® 2(1,8)
5H $2(1,7) @ 2(1,6)® (L,5) @ (L) & (1, 1) e 2(3, 1)
®3(3,%) ®2(5:%) @ (3:3) © (3.3) ® (0,8 @ 2(0,7)
®2(0,6) @ 2(0,5) ® (0,4) & (0,3) & (0,1)

Table 2. Spin content of BPS states for local P2.

5.7 An SU(3) geometry

In this section, we will use the refined vertex to calculate the partition function of a certain
CY3-fold which gives rise to compactified 5D supersymmetric SU(3) gauge theory with
Chern-Simons coefficient m.

The refined partition function is given by

Z="3" QNQ QN Zoy s (t.0) (F2(,0) £5,7(0,1) £V (8,0)) Zuggn (4:1), (5.37)

v1,V2,V3

where

ZVIJ/QJ’S :

> Q)M (=Q2) M Cy x (£, @) St @) C oy (£ Q) fult, 9)C,
A

2 2
HM\ A ) nllf ~

t 2 q 2 7, (t,q)sa(t Vg™
n

(—=Q) (= Q) [(%)
\

U2 =1l R
x|

syt~ "q")

2
[vsll

x[q ’Zw,q)su(t—pq-”:’))}

2 2 2
Hra 2wl lZ+lvsll” ~
2

ZV1 (t7 q)ZV2 (t7 q)ZVS (t7 q)

X Z 1) % (Z SA(—qu_pt_Vi)Sx/n(t_pq_m))

i)

" (Z Su(=Qat ™ q7") 8,7 (
o
q 2 Z (t,q) ,,2(75 q)Zl,S(t,q

v 12+ vl 2 +11vsl12 ~
o0
s gt i _ N —
x H(l—QltJ 1/2 “igl 1/2 V2,5 1
ij=1

(1 - Qs tj—l/Q—Vé’iqi—l/Z—ugd-)—1(1 — (010 tj—l/Q—V{J.qi—

,31,

.y
u/n(t 2

it 0us (t5 Q)

"] Atsa)
)| fult.q)

1/2—1/3’]')—1



MQ1
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Q
~ H2,.{o
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V2,Q5 22
N
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N
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A
v4,Q4 3<3

Figure 10. The web diagram of the CY3-fold giving rise to SU(3) gauge theory with Ny = 4.

In the above expression —log Q; and —log Qs are the Kihler classes of the P!’s in the fiber
and Q152,53 are given by [7]

Qo1 = QuQH QYN omo) (5.38)
Qua = Q@™ V1 0m0)
Qbs = Qu@0™ .

This is exactly the K-theoretic version of the Nekrasov’s partition function as can be
verified by using the weights of the torus action given in [10].

5.8 An SU(3), Ny =4 geometry

In this section, we will compute the refined partition function for the CY3-fold which gives
rise to SU(3) gauge theory with adjoint matter via geometric engineering. This CY3-fold is
a blowup of a resolved A, singularity fibered over P'. The toric diagram of this geometry
and the choice of the preferred direction for each vertex is shown in figure 10.

The refined partition function for this geometry is given by

N
I

> QoM (=M (=) (=Qu) (=@M (—@y)Ps
{ws b {vsh{As}
X C1 a0 (& @) Ot gy (4 1) Cippat 1, (@5 8) Coppyt (8 ) Cx gt (8 D Crg it s (0, 1) Cet 1, (05 1)
X Copat (6, ) Ozt (8 ) Cxe g (4, 1)
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Figure 11. Three different slicings of the same toric diagram. Short red lines indicate the “instan-

ton” direction.

= > (=Ml (=Qa)Fl (=) (—Qu) (@)L (— @)
{pitAvit{xitAni}

HV%I|2+~»+||VZH2tHV1I|2+m+HV4||2 (q)
2

Iml+Inol—Ingl=lnal " " _
; ZVl (Qa t)Zz/i (t’ Q) s Zl/4 (q’ t)Zufl (t’ Q)
_ _ _ _ _,t _ _ _ .t
530y ) (4500 (483, (4550 (07033 (P4
_ _ . — _pt, _t, _ _
XSy o (U207 P) S0, s (4771 VS)SME/ns(q st p)sué(q ) s, (T ")

_ _yt _ _
Xt (EPq )50 iy (477) St 1, (E7F)
[ R 121 R 21 e I
:Z(_Ql)lyl‘-"(_Q4)‘y4‘q 1 . 4 ; 1 +2+ 4
{vi}
XZy (1) 2,4 (4, 0) - - Zuy(a,8) Z, (L, q)

V1,07 P 5 —”éi_/’j —pi 3 —l’éj—/’i —V1,i7Pj A —”ﬁi_/’j V2,5 7P
» )(1-Q14q ’ t~ Pi)(1-Qqq B t > )(1-Q34q s t > )

xXq 2

xnfzzl(1@1q_”it ~A

(1-Q1Q1q

(1-Qaq Pt ™3P Y 1-Qgq "ai Pt P 1-Qoq "2 Pt ¥33 i 1-QoQaQaq s P1t 147 P3)
(1= QoQaq Vi I/ 31i=piml/2)(1 — QoQoq 20712t viamritl/2)

ot [ A
Vg’j p1+1/2t_ylai_pj_1/2)(17Q~3Q4q V47j Pq I/Qt—ug’i—pj-ﬁ’l/Q)

X

Using the results of [3], it is easy to show that the above partition function is the same

as the compactified 5D gauge theory partition function.

5.9 Slicing independence of the partition function

To show that the partition functions defined by the refined vertex are independent of the
chosen “instanton” or the preferred direction consider the toric diagrams shown in figure 11.
For this diagram we can choose the preferred direction in three different ways. Partition

function for figure 11(a) is given by

Z = (=Q)M(=Q)MCyrg(t, q) Cuureo(a,t) Crur go(t ) (5.39)
A p
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1l
= Z(—Ql)"“(—Qz)'“'&\(q*p) (Z (2) ? S“t/n(qp)s)\t/n(tp)> su(t7)
Ao

n
Inl
=) <§> ’ <ZS,\(—Q1QP )sat (™ p) (ZSM —Qat™") syt p(a” ))
n )
00 Inl
= [J- Qa1 Qg it )y <§> 2 5 (—Q1q )5 (—QatP)
ij=1 n

[e.e]

_ H (1 _ Ql q_Pit_pj)(l — Q2 q_Pit_pj)
ig—=1 1—-Q1Q2 \/gq_pifp"

The partition function for figure 11(b) is given by

Z = Z}\(_Ql)ly(_QQ)MC@@V(ta 0) oot (¢, ) Corep(t,q) (5.40)
= Z(—@o'”‘ 45 2 ) (1) (gje@z)A'sxt—ﬂq—ws»(q-ﬂ))
—Z —Qu" ¢4 455 Z,(t.9) Zun(g.1) ﬁl(l — Qat Pig P
=
= ﬁ (1—Qaq”t ") Z(—Qﬂ'"‘qHVZHQ 12 2t ) Zor (gt ) J] (10— Qatrigi).

bhy=1 v (i.j)ev

The partition function for figure 11(c) is the same as that of figure 11(b) after changing
v vt
Thus for the partition function to be independent of the preferred direction requires
the following identity:
el 11412 = b
QMg 2 ) Zelat) T] (1= Qut g

v (i.j)ev

e
ij=11—0Q1Q2 \/gqu”f_p"

which can be written in terms of Macdonald function P,(x;t,q) as

[e o]

_ I 1—Qq Pitri
> P(=Qut P, t) Pula"itia) [ (1= Qut™Pig7 ) =[]
4 211 — Q1Qo ([ Lgrit—ri

For Q2 = 0 this is a well known identity (Example 6, page 352 of [25]). For Q2 # 0 we
have verified the above identity up to Q3. This irrelevance of the chosen preferred direction

is the manifestation of duality between supersymmetric N' = 2 gauge theories with gauge
groups SU(M)N=1 and SU(N )™~ as conjectured in [2].
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6 Conclusion

In this paper we constructed a refined topological vertex which was used to determine the
generalized partition function encoding left-right spin content information. The derivation
of the refined topological vertex depended upon insights from the instanton calculus. From
the very beginning it was clear that the cyclic symmetry of the topological vertex will have
to be sacrificed in order to obtain a refined vertex if the instanton calculus is to be our
guide. Whether a refined vertex exists which is cyclically symmetric and can be used for
all toric geometries, unlike the refined vertex which is not suitable for geometries that do
not give rise to gauge theories, remains to be seen.
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A Derivation of the refined topological vertex

In this section, we will review the correspondence between the 3D partition and the topo-
logical vertex following [15, 22] and use the formalism of 3D partitions to define a “vertex”
which depends on infinitely many parameters. A specialization of this “vertex” will be the
refined vertex.

A.1 Young diagrams and skew partitions

Let v ={v1 > v > v3 >---|v; > 0} be a Young diagram, i.e., a 2D partition. We denote
by |v| the size of the partition, |v| = >, v;, and by ¢(v) the number of non-zero v;. A
pictorial representation can be obtained by placing v; boxes at the i*” position, as shown in
figure 12 for v = {4, 3,3,2,1}. The height of the columns either stays the same or decreases
as we move to the right. The transpose of v is denoted by v/,

V= (k) v = i | > ) (A1)

We denote by (7, j) € v the box whose upper right corner has coordinates (i, j). If (i, j) € v,
then it is clear that (j,i) € v*. Given two partitions A and v we say A C v, if (i,5) € A
implies (4, j) € v.

Given two partitions A and v such that A C v a skew partition denoted by v/ consists
of all boxes of v which are not in A,

v/A=A{(0,4) ev|(i7) ¢ A} (A.2)
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Figure 12. (a) Young diagram of the partition {4,3,3,2,1}. (b) The skew Young diagram of
{4,3,3,2,1}/{2,1}.

Figure 13. For a partition o(/N) and an arbitrary 2D partition v, the skew partition o(N)/v is
always a 2D partition, provided N > max(vy,v?).

A skew partition v/A for v = {4,3,2,2,1} and A = {2,1} is shown in figure 12(b).

In general, v/\ is not a 2D partition, i.e., not a Young diagram. But if v is such that
it has N boxes in each row and N rows then for N > max(A\1, \}) the skew diagram v/
is a 2D partition. We will denote by o(N) the 2D partition for which ¢(o(N)) = N and
01(N) = 09(N) = ---on(N) = N. In this paper, we will only consider skew partitions of
the form o(N)/v and will denote this 2D partition by v¢,

l/ic:N—I/N,iJrl,Z':l,Q,-'-,N (A3)
For v = {3,2,2} and ¢(6) = {6,6,6,6,6,6}, figure 13 shows the skew partition o(6)/v.

A.2 Plane partitions and skew plane partitions

A plane partition is an array of non-negative integers {m; j |7,7 > 1} such that
Tij = Titrjts, 7,820 (A.4)

Placing 7; ; cubes at the (7, j) position gives a pictorial representation of the plane partition.
In this sense, plane partitions can be regarded as a 3 dimensional generalization of the
Young diagrams, and they are also known as 3D partitions. The total number of cubes is
given by || =3, ;m; ;. Figure 14(a) shows an example of a 3D partition.
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(a) (b)

Figure 14. (a) A 3D partition, (b) a skew 3D partition.

A skew 3D partition of shape v/\ is an array of non-negative integers {m; ; | (,7) €
v/A} such that

Tij 2 Titrjts, 758 2 0. (A.5)

An example of a skew plane partition is shown in figure 14(b).

A skew plane partition of shape v¢ will be denoted by w(v). It is clear that 7(v) is
just a semi-standard Young tableau (SSYT) of shape ¢ except that we have to subtract
the minimal semi-standard Young tableau of the same shape. Since the sum of entries
of a minimal semi-standard Young diagram of shape X is given by m()\) = >, i);, the
generating function for the number of skew plane partitions of shape v¢ is given by

Z,(q) = Z g = gm") Z xfﬁof 1 SxfOf 2’s (A.6)
) SSYT,T
= ¢ " s (w0, ), =4
= ¢ ™ s,e(q, 4% 4%, )

(i7j)e Vc

Where ﬁ(i,j) =j—vi+i— 1/; — 1 is the hook length. For v = () we get the number of 3D
partitions in a box of size N x N x oo. In the limit N — oo this becomes the MacMahon
function, []r2,(1 — ¢*)7*.° From now on we will take the limit N + oc. In this limit

5The generating function of 3D partitions is given by the product of g-deformed hook length, [h(s)], :=
(1 — ¢! over the infinite 2D partition, o(co). It is easy to see that the generating function of 2D
partitions [[7°,(1—¢") ™" is given by the product of g-deformed hook lengths over the infinite 1D partition.
However, the product of g-deformed hook lengths over the infinite 3D partition is not the generating function
of 4D partitions.
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(a) The hook length of a box (i, j) € v°, (b) The hook length of a box (i,7) € v,
h(i,j)=j—vi+i—vi—1 hij) =vi—j+vi—i+1

Figure 15. The hook length for v and v° is defined in the usual way. Note that the orientation of
the hook in v and v°¢ agree if we rotate v by 180°.

the function

can be written as a product over v of g-deformed hook lengths,”

Z,(q) = J[ @ ="M, hGj)=vi—j+vi-i+1 (A.8)
(3,7)€v
1141

—m(v) 2 Sut(

V‘Sl/(q’q2aq35"'):q

=q g2, % ).

2
[v]]

Apart from the framing factor ¢ 2

, the function Z/(q) is just the one-partition topo-
logical vertex,

C@@I/(Q) =q 2 ZV(Q) . (A9)

As discussed in [15], the topological vertex with all three non-empty partitions is related
to the combinatorics of skew 3D partitions in which the “hole” in the partition is along
all three axes. More specifically, we imagine that the region behind the asymptotic 2D
partition in all three directions is excised.

The boxes are placed in the positive octant Ot of R3 whose coordinates we are going
to denote by (x,y,z). Let us associate the (z,y) plane with the (7, ) plane. Given a 3D
partition 7 as a stack of cubes in the positive octant OF of R we can reconstruct the
array of non-negative numbers m; ; as the height of the stack of cubes, i.e., as a height
function defined on the (z,y) plane. However, we can obtain a different array of non-
negative numbers W;,k (ﬂ'ffk) by considering the height of the stack relative to the (y, z)

((z, z)) plane. This transformation is the analog of the transpose for the 2D partitions.

"Proof of this is given in appendix C for the two parameter generalization, this identity follows by setting
q=1.
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We can define a generalized skew plane partition 7(\, i, ) as an ordinary 3D partition
from which cubes at (4, j, k) are removed if (i,5) € v, or (j, k) € p or (k,i) € A,

(A v) =7~ A4, k) 5) € v U{( 4, F)[(G, k) € py U{(, 5, F)[(k, i) € A}, (A.10)

Then we can define the generating function for the number of generalized skew plane
partitions of shape (A, u,v),

Zaplg) = > g™l (A.11)
*(Oum)

It is clear that Zy,,(q) = Z,x,t(q). The cyclic symmetry of the function is related to the
transpose of the 3D partition,

T\ p,v) = Wt(uaya A) = Z)\MV(Q) = ZMVA(Q) (A.12)
T\ pu,v) = 7w, A\ p) = Zxuv(@) = Zyxu(q)

Apart from the framing factors Zy ,,(q)/Zpg¢(q) is equal to the topological vertex [15].
To calculate Z) ,,,(q) we use the transfer matrix approach following [15, 22].

A.3 Transfer matrix approach and Schur functions

To a 3D partition 7 we can associate a sequence of 2D partitions, {n(a) |a € Z}, by taking
diagonal slices of 7 as shown in figure 16(a),

n(a) = {mitqi|i > maz(l,—a+1)}. (A.13)

These diagonal slices are perpendicular to the (x,y) plane and their projections on the
base are given by a set of equations parameterized by a € Z: x — y = a.

Each slice obtained from the plane partition will be a 2D partition. Since these 2D
partitions come from a plane partition, they satisfy the interlacing condition. Two 2D
partitions p and v interlace, p > v, if:

M12V12M22V22... (A14)
The diagonal slices {n(a)|a € Z} of a 3D partition 7 are such that

n(a+1) = nla), a<O0, (A.15)
n(a) = nla+1), a>0.

There exists a very useful set of coordinates to describe the 2D partitions called the Frobe-
nius coordinates:

1 1

where d(p) is the number of squares along the diagonal of p. In terms of Frobenius
coordinates, one can relate certain fermionic states to the 2D partition

d
) = T e vs.10) (A.17)
=1

,39,



Figure 16. (a) The diagonal slicing of the plane partition: we end up with a series of 2D partitions
that obey the interlacing condition eq. (A.15), (b) the slices are parametrized by integers.

where 1,, ¥, a € Z+1/2 are the generators of the Clifford algebra satisfying the following

anti-commutation relations:

{va,p}y =0, {¥5, 5} =0, {vha, ¥4} = dab- (A.18)

One can define operators analogous to creation and annihilation operators which can be
written in terms of the modes J, of the fermionic current ¥ *,

I'y(z) = exp (Z Zniin> . (A.19)

n>0

The modes J,, of the fermionic bilinear are such that
Jn= D Wkentf, n=£1%2 (A.20)
kEZ+3

and satisfying the commutation relations

[Jna Jm] = _n6n+m,0 > [Jna ¢k] = ¢k+na [Jna ’(b]);] = _Q/)]:—n . (A21)
The operators 'y (z) satisfy the following commutation relation,
P (@) (y) = (1 - 2y)T_ ()T (z) (A.22)

The relevance to the creation and annihilation operators becomes more evident if their
action on a state corresponding to a 2D partition is considered:

[IT @) = sualen a2, )l (A.23)
i H

TIr-@)IN) =D sl wz, - )lw)

i H
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Since

san(1) = {1’ A > p } , (A.24)

0, otherwise.

it follows from eq. (A.23) that

Le(DA) = Y 1w,
=

T = 3 ). (A.25)

A1

The generating function of the number of plane partitions Z3p(q) := Zpgg(g) can be now
expressed using 'y as

00 —1
Zyopo(q) = (0] (HqLOF—(1)> g™ ( 1T F+(1)qL°> 10) (A.26)
t=0

t=—o00

where Lg is the Hamiltonian such that the operator ¢ moves a diagonal slice by one unit.
The action of the operator ¢™° on a state corresponding to a 2D partition is defined as

a“lu) = d"|p) (A-27)

The intuitive way of understanding the form of the partition function in terms of the
creation and annihilation operators is straightforward: we start with the slice at a = —o0
with the empty set and act on this slice with I';.(1) to create all possible partitions as a
sum. On the next slice (as we go from a = —oco to 0), we apply the creation operator on
this sum, we again create all possible partitions such that they interlace the partitions in
the previous slice. We keep acting with I'; (1), until we hit the main slice @ = 0. The
main slice is where we start applying the annihilation operator I'_(1) which destroys the
previously created partitions, essentially by “creating” 2D partitions on the slice a that are
interlaced by the partitions on the previous slice a — 1, for positive a’s. This procedure,

Lo’s gives the sum of ¢! over all possible 3D partitions satisfying

with the operators ¢
the interlacing condition that we stated before. Note that I'_ acting on the vacuum gives
zero, so we can move the I'_’s to the right to act on the vacuum, and use the commutation
relations between I't’s each time we pass them through each other. In [15], it is shown

that Zsp(q) is actually the McMahon function;

Zsp(a) = || B (A.28)

_ gn\n’
o (L —aq")
A.4 Partition function with an infinite number of parameters

In the previous section, we briefly outlined the systematic way to compute the partition
function Z3p(q). We assumed that the partition at each slice is counted with the same
parameter ¢. In this section, following [22] we want to describe the generalization of this to
an infinite number of parameters and show that this generalization gives the same partition
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Three inner corners: vg, v, V2
Two outer corners: ug, u;

{v1,v2, 03} = {—4,-2,3}
, 4 // {u15u2} = {_3?0}
T Do Ui =300

Figure 17. Inner and Outer corners of the partition v = (4, 3, 3).

function when the different parameters on each slice are set to be equal to each other. Let
us begin with the case when A = p = () and then we will allow A and g to be non-trivial.
We keep our convention from the previous section that an integer « is used to describe each
slice and we associate the parameter g, to each slice. For a 2D partition v, we can divide
the corners of the pictorial representation of the corresponding partition into two groups:
inner and outer corners. We parametrize the inner and outer corners by their coordinates,
v; and u; respectively, of their projection onto the real line as shown in figure 17. It is easy
to see that [22]

M M-1
Zvi = Z u;, M = # of outer corners. (A.29)
=0 i=

It is convenient to introduce another set of parameters {z; |m € Z + %} and identify
them with ¢,’s in the following shape dependent way [22],

+

x
1
m: = qpyp1, m>uvyor up—1>m>u;, (A.30)
T 2
m
+ - _ -1
xuz'*% w1 = Qu; >
P
To; $ vitg = Quis
-
—m :qm+%,m<v10rvi+1—1>m>ui.
merl

The generating function of the 3D partitions is then given by [22]

Zuta@ =Y [T = 0] ] - (xtk%)l}jm (+70s )l (a0

T a€Z k=—00
o0 (o ¢] 1
_ Lt
- H H (1 xkl—%x—kg-f—%)
k1=1ko=1
k—1
x;% =&, k=1, (A.32)
=0
k—1
x:% =1, x:kJr% = quz‘, k>2.
i=1
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ZgD(q) = H H 1-— H q; H q_j (A33)

For ¢; = q, 1 € Z we get
o0
Zsp(q H (1—¢"*. (A.34)

Having shown that setting all parameters equal to each other agrees with what we
originally obtained, we can continue to develop the generalization to non-trivial A and
i. The partition function with A\ = p = ) is given by (v being the 2D partition in the
preferred direction)

Zu(q) = P@@I/(q) = H (1 - q(i,j))il ) (A35)
(3,5)€ve

d(i,5) = H db—a

(a,b)€H (i,)

where H (i, j) is the set of boxes which form the hook of (i, 7).

The partition function Z3p(q) can be written as a product over boxes of o(c0) such
that each box contributes a factor of (1 — 2)~! where z is the product of parameters g;
intersected by the hook length.® A similar interpretation in terms of hook length exists for
the generating function of skew plane partitions.

We define Py, (q) as [22]

Pyuw(@) =Y [[a™ (A.36)

™\ 7o kEZ

Where the sum is over all 3D partitions 7 such that m asymptotically approaches A, ;1 and
v along the three axes and g is a 3D partition with the least number of boxes. Each such
partition 7 can be sliced along the diagonal such that we get a 2D partition m(a) along the
diagonal passing through (0,a). In defining Py, (q) we weight each slice with a different
parameter qg,.

For non-trivial A and p the partition function is given by [22]

Pruw(Q) = Z,(@) D sxey(x7) s(x7), (A.37)
n

where x* = {2 |m € Z 4+ }. This is the most general partition function in which each
diagonal slice is counted with a different parameter.

At the end of this section, we would like to start talking about how to assign ¢ and
t to the slices depending on the shape of v to get the generalized partition function from
the generalized plane partitions. We will leave the physical motivation for the particular
choice and the details to the next section.

*Zsp(q) = 1752, (1 = [Tz =) (TT27 ai-) 7
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Figure 18. a) We can trace the profile of a particular 2D partition starting at j = co and going
to i = oo as depicted in the figure. b) To each vertical pass we associate a black box, and a white
one to each horizontal pass. If we put these boxes in a row, then we get a unique “finger print” to
a partition. The coordinates of the centers are given by the sets D*.

Figure 18 illustrates the idea behind our choice: while following the arrows on the
boundary of the 2D partition, every time we have an arrow pointing down, we assign a
black box (figure 18(b), and every time we have an arrow pointing to the right, we assign
a white box. The coordinates of the center of these boxes are given by

1
Black Boxes : {ui—i+§]i:1,2,---} (A.38)

1
White Boxes : {j—M§—§|j:1,2a"'}

These coordinates are closely related to the Frobenius coordinates. Note that if we
count the number of black boxes to the left of the i** white box, we get v;. Similarly, if we
count the number of white boxes to the right of the j** black box, we get 1/;.

We can divide the half-integers into two sets using the function €(n) defined as

en) =+ifv, <n<u (A.39)
e(n) = —ifu; <n < wiqq
for 0 <i < M —1:2 DV = {nle(n) = +} and similarly D~ = {nle(n) = —}. The sets DT

and D~ are actually the same as the sets consisting of the coordinates of the center of the
black and white boxes, respectively.

A.5 Equivariant parameters, boundary of the Young diagram and instanton
calculus

The vertex we have obtained so far counts each slice with a different parameter and therefore
depends on infinitely many parameters. The usual vertex can be obtained by setting all

9M is the number of outer corners.
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the parameters equal to g [15, 22]. It is clear that we can obtain the vertex which depends
on two parameters by some choice of identification between ¢, and ¢,q. It is not clear a
priori what the map {q,|a € Z} — {t, ¢} should be.

However, the relation between the instanton partition functions and A-model topo-
logical string partition function, via geometric engineering, provides some insight into the
possible map between the parameters. Recall that the partition function of the 5D com-
pactified U(1) theory can be written as [14]

Z(617€276) = Zexp <_% /7£ fzil(elv62’x)lex/(61762’3/)’751,62('%' - y‘ﬁ?‘A)) ) (A'40)
v 7Y

where
o0
1 e—ﬁnaz
+ Z . Bne Bne
nzln(l—e 1)(1 — efnez)

26162 6

3
Yer,e0 (x| B, A) = ! [—é (:c + %(51 - 62)) + z%log(BA)

and f, (€1, €2]z) is the profile of the partition v (eg > 0 > €1),

oo
fu(zler, ea) = |x| + Z <|:c +e —€eu—eil —|r—e —ei| — |v— e —eqi]| + |x — 61i|) .
=1
The profile of the partition controls the contribution of the partition to the partition
function. The parameters —e; and €5 are the height and the width of the boxes in the
partition as shown in figure 19. Since these 2D partitions on the edges are the boundaries
of the 3D partitions therefore the height and the width of the 3D box is exactly —eq, eo as
shown in figure 20.

Hence in constructing the 3D partition from the diagonal slices as we move the slice
towards the left we move it an amount —e; and as we move it upward we move it an amount
€9. In the transfer matrix formalism this implies that different diagonal slices are counted
with different parameters e™“' and e®2. Since the shape of the partition v in the z direction
determines the left-ward and upward motion of the slice therefore slices are counted with
e~ ! and e according to the shape of the partition v.

A.6 ¢,t slices and the boundary of the Young diagram

The generating function of 3D partitions is not difficult to calculate since we need only to
specialize the parameters ¢,. From the discussion in the previous discussion it follows that
for v = (),

t, a>0
=< = A4l
a { q, a<0. ( )
The partition function Z3p(q) becomes
o0 . .
Zsp(t,q) = H (1—t'qH). (A.42)
ij=1

But, in general, the shape of v will determine whether a slice is counted with parameter
t or parameter q.
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(a) (b)
Figure 19. The profile of the partition is drawn bold; a) shows the 2D partition for the self-dual
case e; = —e1, whereas b) shows the same partition for the non self-dual case €; # ea(e2 = —2¢7).

€9 = —€1

(a) (b)

Figure 20. a) The figure shows the partition along the preffered direction for the self-dual case for
the toric diagram O(—1) & O(—1) — PL. b) the same as in a) but for ez = —2¢;.

For a non-trivial v, the map between {zf |m € Z + 1} and {t, ¢} is given by
{xﬁm € DJr} = {thiylh = 1’253""}? (A43)

{x;l‘m € D_} = {q]_ltil/”] - 172737”' }7

where D7 is the set of black boxes and D~ is the set of white boxes in the Maya diagram
(figure 18(b)) of v. If we consider the i*" white box from the left side, the number of
black boxes to the right of this box is given by r;. This implies that there is one to

one Correspondence,

{(m1,m2)lm1 € D™ ,ma € DV my > ma} — {(i,j) € v}, (A.44)
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/ 7 7/

Figure 21. Slices of the 3D partitions are counted with parameters ¢t and ¢ depending on the shape
of v.

h(o) = a(o) +4(o) +1

a(o) = # of boxes on the left
~ ¢(0) = # of boxes below

(o) Zy(t,q) = [ng, (1 — t*@HgH @)1

a(n)

Figure 22. Z,(t,q) is the Hook series of the complement of v.

and therefore

{(mlam2)|m1 €D~ , T2 S D+ , M < m2} = {(17]) ¢ V}? (A45)
which implies that
Z, = H (1- xj{wmr_nl)_l = H (1- qj_”i_lti_”;)_1 (A.46)
m1<m2,m1,2€Di (i,5)¢v
For v = 0),
Zy(t,q) == M(t,q) = J[] (1 =t~ (A.47)
ij=1

M (t,q) is a two parameter generalization of the MacMahon function.
If we define ¢ = €1, = e~'2 then log M(t,q) is symmetric in €1, ey (upto an infi-
nite constant)

log M(t,q) = ¢(3) _Z.C(Q) (51‘|‘€2> n ¢(1) <(61 +€2)2‘|‘€162> —i—iC(O)

€1€9 2 €1€9 12 €1€9 24 (e1+ €2)

Bag, Bag, Bag, +2g,—2 291—1 2g2—1
+ -1 gi1+tg2 g1 g2 g1+292 egl 692 )
2 (291)!(292)!(291 + 292 —2) ! 2

g1+g22>2
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h(o) =a(o)+4(o)+1

a(0) = # of boxes on the right
T ¢(0) = # of boxes on top
oy
—L ¥4 Huey(l_qh(u))_ - = Hue ( D)+1 E( ))
77/ -
/
sa20)(0) = T AT
— Z(421)(t,q) = I=t)3(1—tq)(1—12 }1)(1_1:2 q°)(1—t% ¢%)
a(i, j)

Figure 23. A Young diagram v = (421).

It is easy to show that (appendix C) if we define

Zy(t,q)
Zy(t,q)’

then Zy(t, q) can be written as a product over boxes of v,

Zutt.a) =] <1 B ta(s)+1qe(s)) - 11 (1 _ 75e(s)+1qa(s)>*1 . (A.49)

sev sevt

Z,(t,q) = (A.48)

-1

The function Z,, (t,q) is a specialization of the Macdonald symmetric function P(x;q,t) [25],

2
[v||

Zo(t,q) = t~%

P(t™";q,t). (A.50)

Thus we see that this particular specialization of the Macdonald function can be interpreted
as counting skew plane partitions such that the shape of v determines whether to count a
box with ¢ or ¢.

When all three partitions (A, i, ) are non-trivial, the partition function (in diagonal
slicing) is given by

Pdiag()‘;uy = )‘t H F—e(m) )|1u> (A.51)
mEZ—i——
= NI To@h) I Te@@n)lm 11 (1= 2 m,)
meDt meD~ mi<meo,mi1€ED~ mo€DT
=1 A Zu(t7Q)ZS>\t/n(X )Su/n(x )
n

where p = {—3,-2, -2 ... }.

To convert the above partition function in the diagonal slicing to the partition function
in the perpendicular slicing we multiply by q_"()‘t) =) [15]. The perpendicular partition
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function is then given by

[

AN 7 R PN | Inl/2 Yy ot
Pua(ta) = "5 07 200030 (5) T saegnlt 0 s 070 (A52)
n

[nl+A=|pl

_a? o net? q ) _t
=q 2 t E Z,(t, q)z (;) ? S)\t/n(t Pq )Su/n(t tq P).
n

The refined topological vertex is given by

A2, Hell? V(t,
Cyw(t,q) = gf @) @) 75—+ ul ﬁ (A.53)
HHH2 Inl+IA =l
=" tg(y)(t) 2 Z( ) T s s (T )
n
HHH2 Inl+IA =l
v v a\ 2 —p —v —_pt
= ¢/ o) (2) 2 Z( ) 2 Sxt/n (P8, (E q7F).
n

The functions f(v) and g(v) are such that

2

Fw)+g(v) =145 (A.54)

This one relation is not enough to fix the two functions f(v) and g(v) therefore we will
make a choice here and take g(v) = 0. The one partition topological vertex is equal to a
specialization of the Schur function, s,:(¢*), and with the above choice of g(v) the one
partition refined topological vertex is equal to the generalization of the Schur function,

w12 =q (¢7t,q),
Coou(tq) =q 2 Zy(t,q) |12 (A.55)
=(3) 7 Palrrian).

where P,(x;q,t) is the Macdonald function and @, (x;q,t) is dual of the Macdonald func-
tion. As we will show in the next section this choice gives correct A-model partition

functions. The refined vertex becomes,

el 12+ |v] )2 L+ 1A =p]
2

C)\ul,(t,Q) = <%> tn(ﬂ) Vt t p7q7 Z( > ? S)\t/n(t_pq_y)su/n(t_ytq_P)

n

For t = ¢ the above reduces to the usual topological vertex since P,(¢"";q,q) = s,(q¢™").

A.7 Framing factors

Recall that the framing factor arises whenever the P! along which the two vertices are
glued has a global geometry other than O(—1)® O(—1) ~— P!. For ¢ = t the framing factor

r(p)

is given by ¢~ 2 .

Since the two directions orthogonal to the preferred direction correspond to the pa-
rameters t and g therefore rotations along these directions will be counted with these two
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parameters. Rotating the v diagram along the first row gives n(v) extra boxes which we
count with the parameter ¢. Then, rotating the diagram along the first column gives n(v?')
boxes which we count with the parameter q. Thus, the framing factor along the preferred
direction is given by

)

v|n(v) —n(v ('t n(v) k@)
Folt,q) == (=) 0) gl = (—1) \<_> 5

. (A.56)

where we have introduced a factor of (—1)! for later convenience.

The framing factor when t # ¢ can also be calculated from the geometry of instanton
moduli spaces following [28]. The simplest case is to take the U(1) theory with the charge
k instanton moduli space given by Symk((CQ) and consider a supersymmetric quantum
mechanics on this moduli space with coupling to an external gauge field. A shown in [28]
the effect of this extra coupling is to introduce an extra term, which is the framing factor,

in the partition function given by
e (iper(eli=Dtre(=1) _ 1326 e (i-1) q 26 er@—1) (A.57)
- tﬂ(l/)q*n(vt)_

This is exactly the framing factor one gets from the combinatorics of 3D partitions.

B Gromov-Witten theory and refined partition function: the case of

O(-1) ® O(—1) — P

It is interesting to comsider the case of O(—1) ® O(—1) +— P! from the point of view of
Gromov-Witten theory [20]. In this case the refined partition function can be obtained
from the Gromov-Witten theory and has a interesting interpretation from the localization
point of view which might be useful for other toric CY3-folds.

The multi-cover contribution is given by [20]

C(g,d) :/ Crop (R Mo pt* N) (B.1)
[Mg,o(PL,d)]vir
— 293 |B2g(2g — 1) >0
B g I

Where B,, are Bernoulli numbers defined as ), -, %tm = ﬁ

The partition function can be calculated using the multicover contribution and is

given by
Z=FExp > Y N | = [[a-a"@™, g=€. (B.2)
9>0 d>1 n=1

However, using localization C(g,d) can also be written as [20, 21]

C(g7 d) = d29_3 Z 091792 P} 091792 = bgleQ (B.?))
g1+92=9,91,2>0
b L, for g =10
= 29—2 29—1_1 |B
’ fﬂg,l 1A= % |(2;‘l)]!‘7 for g > 1.
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Essentially the contribution by, by, is from degenerate worldsheets of genus g; + g2 such that
the two components of genus g1 and g map to the two fixed points of X. By weighing the
contribution the two fixed points differently we get

Z=Exp| > ATINETIQTA 3 by, by, (B.4)
91,9220
o0
= H (1 — q”*%tm*% Q) L g=e M t=¢ 2,
n,m=1

Which is exactly the refined topological string partition function.
A similar calculation for the case of target space C? gives the constant map contribution
to the topological string partition function, i.e., the MacMahon function.

| Bag—2|
Cy = /_ N = GRS b, (B.5)
My g1+92=9
= [¢(3 —2g)| Z bg,bg, = Z Cy1.92 5
g1+tg2=g gi1t+g2=g

~

Coi,g: = |C(3 =291 — 292)[ b, by,
where B,, is the n'"* Bernoulli number and we have used the identity B, = (—1)""!n ((1-n).

M(q)=Exp [ Y2720, | =J[(1—¢)™ = M(t.q)=Exp [ > M"'N\%27'C,
920 n>1 91,9220

[ a-ghemeh

n,m>1

The function M (q) is the MacMahon function and is the generating function of the number
of 3D partitions,

M(q) =) p(n)q" (B.6)
n=0
p(n) = # of plane partitions of n .

The function M (t,q) also has a combinatorial interpretation in terms of 3D partitions,
M(t,q) = p(jml, lr )t lg™1, (B.7)
™

where 7 and 7_ are two parts of the 3D partition 7 obtained by cutting m by the plane
x =y. |my| and |7_| are the volumes of the two parts such that |7, |+ |7_| = |7| and
p(n,m) is the number of 3D partitions with (7|, |7_|) = (n,m).

C An important identity

In this appendix we prove the identity

Zutt.a) = 555 (€1
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Proof. Consider the following identity [10]

00
Z <tifl/17jquu§’ifl B tiqul) _ Z tffl,l (s —auy (s + Z tZVQ s)+1 al,l (s) (C2)

1,7=1 sevy EISI %)

Let us set v] = vy =/t

i (tl vt qj vi—1 tiqj—1> _ Z (t—éyt(s)q—a,t(a‘)—l _{_tfl,t(S)—l—lqayt(S))

i,7=1 sevt

_ Z (t ay(s) =L (s)=1  pau(s)+1 eu(s)>. (C.3)

sev

The substitutions ¢ — ¢™ and ¢ — ¢ will allow us to find a formal expansion of log:

Z Ztmz l/t) m] v;i—1) Z Ztmz V)m] vi—1) (C4)

7] 1 1 (Z7])6V
© 4 X
Z - Z tmz m(j—1) + Z Ztm(a,,(s )+1) mﬁ,,( )
m=1 m i,j=1 361/

If the order of the m—summation is changed with the one following it, one actually
gets the identity we are trying to prove:

Z log < ”Jt'qj*”Z'*l) — Z log <1 — ti_”}%qj*”i*l) (C.5)

=1 (i,)€v
©0 . .
= Z log (1 — tijfl) + Zlog (1 — t“"(s)ﬂqé”(s)) .
ij=1 sev

This can be put in a more suggestive form by exponentiating both sides and taking
the inverse
1

1551 <1_ti7V§quu¢—1)_ ) -
L j)er <1 - ti_yﬁqj_”i_1>_1 - (iglgzu <1 te > (€6)

[e.9]

=1 (- tiqj_l)_1 11 <1 _ tau(s)+1qe,(s)>*

ij=1 sEv

D Schur functions

This appendix should serve as a review of the definition and some properties we have used of
the Schur functions. Before defining the Schur function, let us introduce the antisymmetric
polynomial a, of a finite number of variables {z;}7 ;:

o (21, xn) = Y e(w) w(a®) (D.1)

wESy
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where €(w) serves as the antisymmetrizer for an element w of the symmetric group S,
and z® is a shorthand notation for the monomial z{*...z%". We have a non-vanishing
polynomial a,(x;) only if all «;’s are different. That allows us to put the exponents of the
variables, without loss of generality, into a particular ordering: a1 > as > -+ > ay, > 0.
The freedom of choosing such an ordering among «;’s enables us to connect the polynomials
aq(z;) to partitions, so we can write & = A + 0 for a partition A with length £(\) < n and
d=(n-1,n—-2,...,1,0). The polynomial a,(z;) can be now rewritten in terms of the

partition A as

Wrps(@1, . Tn) = D e(w) w(@*). (D.2)

This particular form of the polynomial a,(x;) makes it more evident to express this sum
as a determinant

axts(x1, ..., xy) = det (x?ﬁn*j) (D.3)

1<ij<n

This form of aq(x;) makes it evident that it is divisible in the ring of polynomials in
the variables {z;}?_, with integer coefficients, Z[z1,...,zy], by any difference of the form
x; —x; with 1 <4 < j < n. Then it is divisible by their product as well, hence, by the
Vandermonde determinant

H (x; — ;) = det (w?ﬂ) . (D.4)
1<i<j<n
Let us denote the above product by as. Now we are ready to define the Schur function
sx(x;) as a quotient

A@1,- - 70) = aris/as. (D.5)

Note that s)(x;) is symmetric and its definition makes sense as long as A € Z" is an integer
vector such that A+0 does not have any negative parts. The Schur functions s (z;) form an
orthonormal basis for the symmetric polynomials which is a subring A, = Z[x1, ..., x,]%".
The orthonormality requires the definition of the scalar product of symmetric functions.
Let us give first the definition and describe later the individual ingredients we use. The
scalar product on A is a Z-valued bilinear form (u,v) such that the bases hy and m, are

dual to each other which is precisely that they satisfy the following relationship:
<h>\7 mu> = 5)\;1 (DG)

with the Kronecker delta d),. Given a partition A, my is defined as the sum over all
permutations of the parts of A = (A1,...,A,)

ma(T1,...,Ty) = Zxa. (D.7)

«

hy is defined in terms of the complete symmetric functions h, as hy = hy, hy, ..., with
hr = Z my (D.S)
[A|=r
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where r is the degree of h,.. Finally, A is the free Z module which is generated by the bases
my for all \. Any symmetry function can be written as a linear combination of the Schur
functions with the coefficients calculable having the scalar product defined.

The skew Schur function sy, is defined by

<S>\/M7SV> = <S)\7Susu> (Dg)

where A interlaces p. We can use the fact that the Schur functions form an orthonormal
basis and write the skew Schur function in another form

Sx/p = Zcﬁysy (D.10)
v

where the cﬁy’s are defined by

SuSy = ZcﬁysA (D.11)
A

and are integers. An equivalent definition of the skew Schur function can be given in terms
of the semi-standard tableau, which is obtained by assigning a positive integer to each box
in a skew partition such that the numbers weakly increase along the rows, and strictly
increase along the columns.

Having introduced the Schur and skew Schur functions, let us also mention the iden-
tities we have made use of. If we sum two Schur functions with two sets of independent

variables x = (z1,x2,...) and y = (y1, %2, ... ) over all partitions, we get
> sal@)sa(y) = [J@ = ziyy) " (D.12)
A i

Had we changed the partition from A to A! in one of the Schur functions, we would end
up with

S sul@)sa(y) = [1(1 + igy)- (D.13)

A 0]
The Schur function of the variables (1, ¢,¢?,...) can be expressed in terms of a product of

terms which are dependent on the hook length of the partition up to an overall factor:
S)\(l’q’q2a"') = qn()\) H(l _th(S))il (D14)
SEX
where n(\) is defined as
n(A) = (-1 (D.15)
It is not hard to show that n(\) can be calculated alternatively using the arm length as
well as the leg lengths:

n(w) = (i — i = %Z =1 =3 d(s) =3 auls), (D.16)

n(v') = Z(z — 1! = %ZVZ(VZ —-1) = Zﬁ'(s) = Zﬁy(s), (D.17)
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with the same ¢, (s) and a,(s) defined previously in the text, and we introduce ¢'(s) = j—1
and a'(s) =i — 1.1

Two skew Schur functions sy, (r) and s,/,(y) can be summed over all possible parti-
tions satisfying u < v < A to give another skew Schur function

S)\/,u x y ZS)\/V V/,u ) (D'18)

The above sum can be generalized to multiple sums in the following way

Sk/u(x(l)" ZH Sy Juli= 1) ()) (Dlg)
(v) =1
where the summation is again over all partitions (v) = (0, ..., v(™) satisfying the same
interlacing condition generalized to more partitions, u = v© < () < ... < pr=1) <
v =\
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